Midterm 1

ou

1) (Circular ring) Solve the heat equation 5 = kgi27 —L <z < L, sub-

ject to 2%(—L,t) = 2(L,t), u(—L,t) = u(L,t), for t > 0 and the following
initial condition:

u(z,0) = |z|,—L <z < L.

The general solution has the form
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First observe that u(x,0) = |z| is an even function. This implies that all
the b,,’s are zero and
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Also, ag = 57 f_LL |z|dz = £. So the solution is
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2) a) Check that u(z, t) = 2kat + ax?+ ¢,z + ¢y is a solution to 2% = k:g%‘,
where a, ¢, and ¢y are constants and k is the thermal diffusivity.

Check that % = 2ka, & = 2ax + ¢, and kg%‘ = 2ka. So u(z,t) =

Ox
2kat + az?® + c1x + ¢ is a solution to % = k%.
b) Now consider the heat equation 2% = 32712‘ (k = 1) for a thin, uniform

rod with constant thermal properties and length 1 (0 < z < 1). Use part a)
to provide a solution to the heat equation, in this situation, subject to the
following boundary conditions and initial temperature distributions:

i) 94(0,t) =0, 2“(1,¢) = 1, and u(z, 0) = 12 + 100.

Since 9% = 2ax + ¢1, 2%(0,t) = 0 implies that ¢; = 0 and 2%(1,¢) = 1
implies that a = % Finally, we use u(z,0) = %xQ + 100 to see that ¢y = 100.

So u(xz,t) =t + 2% 4 100 is the desired solution.
ii) 24(0,t) = 1, 2%(1,¢) = 3, u(z,0) = 2% + z.
Since 9% = 2az+cy, 24(0,t) = 1 implies that ¢; = 1 and then 2%(1,¢) = 3

implies that @ = 1. Finally, we use u(z,0) = 2* + z to see that ¢y = 0. So
u(z,t) = 2t + x* + x is the desired solution.



