I have to formulate the main notions of the theory of algorithms.

1. Turing Machines.

Definition. Turing Machine M (usually called for brevity TM) is uniquely defined by a triple
hS, tA, Q, qo, 01, where S is a finite alphabet; A S an external alphabet; € 2 SnA, an empty
symbol.

() is a finite set of control states.
0:QES QESET;1,0,1g

( means that our function may be not everywhere defined). Intuitively the computation on TM
may be represented as following:

Finite State Control
with the set of control states @)

& Read/write head

[Sof Sufefefefefefe[S] [ | | |

1. At the beginning the control state is qq.

2. If at a moment ¢ the head reaches the symbol S, and the control state is ¢ and
5(Q7 Sp) = (q/a Sa Ap)
The head:

1. replace sp by s in the square p;
2. replace the control state ¢ by ¢’

3. moves to the square p + Ap.



If p+ Ap < 0 or §(Spq) is not defined, thus the TM halts.
Let us give the formal definition of computations by TM M.
A state A of M is a triple
A = ho; p;qi,
where ¢ is an infinite sequence of elements of S (on - the nth letter of o) (infinite word in the
alphabet S), p 2 N, ¢ 2 Q. Let a 2 A* (a finite word in the alphabet A). The computation M («)
is the sequence of the states (finite or infinite): A(t) = (o (¢), p(t), q(¢))

A0) =ha; 0, gl
AMt+1) =ho(t+1),p(t) + Ap,d'i,

where

and
o (O'p(t) (1), q(t)) =hg, s, Api
Ifp+Ap<0atd <ap(t) (1), q(t)) is not defined then the computation M («) halts. A(t) is the final
state of M(«) and we write M («) # (belts).
The final moment of computation M («) will be denoted by t(«) (or TM(«))
It is easy to see that for any t the infinite word is o(¢) contains only finitely many symbols not

equal to €. If M(«) # then
s(a) = max tnj9t « t(a)on(t) & tg.

s(«) is the size of memory, necessary for the computation M («); sometimes we’ll write sy ().

If 0 2 S* let us denote by Pa(o) the word that is obtained from o by erasing all letters from
SnA. For example if s with subindeces denotes the letters of SnA and a with subindeces denotes
the letters of A then

Pa(s1a1a9828pa18a2as) = ajasaiagas
We say that the Turing Machine M computes the function ¢y : A*  A* if

2



1. a2domppm » M(a)#
2. if @ 2 dom pp then pm () = Pa (o(t());

We say that a function ¢ : A* *A if there exists a Touring Machine M such that ¢ = ppm. If
we assume that our input alphabet is of the form A [ f#g then we may define in a similar way
the function ppm.n @ (A*)" A* hay, ... anl 2 domomen iff M(aq#Hao ... #an#) # M(«) # iff

9y ...an 2 A* a = aq#H# ... #an#Pu (0(a)) = omn(aq, ..., an).

Church-Turing Thesis. Any computable in some intuitive sense function is TM-computable.

In other words, Ch. T, Thesis means that any algorithm can be simulated on Turing Machines.
In what follows, when we consider computable functions ¢ : N" N we assume taht our input
alphabet A = 0, 1g [ f#g and the natural numbers are represented in the binary form. Notation:
B = 10, 1g.

It is easy to see that the set of all Turing Machines can be effectively enumerated. It means
that there exists a bijection v between the set of all TM and N such that given a description of TM
M by definition 1 we can effectively in finitely many steps compute v(M), and given any natural
number n we can effectively in finitely many steps find the description of the TM M such that
n=uv(M).

Assuming that our alphabet A contains 0,1 we may construct the function ¥ : (4*)>  A* such
that (o, 8) 2 dom ¢ iff 3 2 dom ¢»-1(sy and in this case V(a, ) = @»-1(si)(3). The function ¥ is
called universal for all TM-computable function ¢ : A* ¥ A*.

The function ¥y, : (A*)"1 ¥ A* universal for all TM computable functions ¢ : (A*)" ¥ A* is
defined in the similar way. It is easy to see that the universal function ¥ is computable in intuitive
sense. Indeed, given «a, 3 2 A* we find effectively v '(a) = M and start the calculation M (). It
halts iff (a, 8) 2 dom ¥ and ¥(«, 3) = o (tm(5)). All this is done effectively. According to Ch.-T
Thesis ¥ is TM-computable. A TM that computes V¥ is called a universal Turing Machine.

We say that a predicate P on A* is decidable if its characteristic function K, : A* ¥ 0,19 is
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TM computable. Since Kj is everywhere defined P is decidable if there exists an algorithm that
gives for any o 2 A* after finitely many steps whether P(a) =T or P(a) = F. Indeed since K, is
everywhere defined and TM-computable then a Turing Machine M that computes K, halts for any
initial state a.

Let us consider an example of undecidable predicates
Pla)=T iff v'(a)(a)#

If P is decidable then Ky(«) is TM-computable. Consider the function:

(a) = 1 if Kp(a) =0
P70 not defined if Kp(o) = 1

According to C.-T. Thesis ¢(«) is also computable. Let My be a TM that computes ¢, i.e. ¢ = vm,
ola) =1iff v 1 a)(a)" 5 a2 dom (pst(a). p(a) is not defined if v~ (a)(a) #, a2 dom pu_i(a).
Let ag = v(Mp). Then ¢(ag) = 1 iff My(ap) " 5 2 dom pp, » 9 2 dom p—impossible. ¢(ag)—is
defined iff My(ap) # ap 2 dom gy, » o 2 dom ¢ contradiction. The undecidability of P implies
the undecidability of the following problem which is called the Halt Problem for TM:

Given TM M and an o 2 A* to find out whether M () # or M(«a) .

If there exists an algorithm that answers this question for any « infinitely many steps then
applying this algorithm to v(M) we obtain the answer to the question whether P («a(M)) = T or
P(M)=F.

Thus the Halt Problem for TM is undecidable.

To prove that any problem P is undecidable it is enough to show that if there exists an algorithm
that solves P then there exists an algorithm that solves the Halt Problem. The undecidability of
all well-known problems such as the 10th Hilbert’s problem and the word in the group theory was
proved in this way.

In what follows we’ll consider only decidable problems. We’ll be interested in the complexity of

computation. If & 2 A* then jaj is the length of a.

Tm(n) = max Tty (a)jjoj = ng
Sm(n) = maxTFsy(a)jjoj = ng
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We say that a function f : N ¥ N is of a polynomial growth if f(n) « C9 for all big enough n.
Notation: f(n) = poly(n).

Definition.

1. We say that a function ¢ : A* ¥ A* is computable in polynomial time if there exists a TM
M that computes ¢ and T (n) = poly(n). We denote by P the class of all predicates on B*,

which characteristic functions are computable in polynomial time.

2. We say that a function ¢ : A* ¥ A* is computable in polynomial memory if there exists a

TM M, computing ¢, such that Sy (n) = poly (n).

The class of all predicates in B* such that their characteristic function are computable in poly-
nomial memory is denoted by PSPACE.
Schemes.

Recall that any system F' of Boolean function. F' the functions of f : B" ¥ B is complete if
any Boolean function may be represented as a composition of some functions of the system F. An

example of complete system is the system

LA«
If o 2 0,19 and z is a variable that range over them = = {x’x Z z (1) Then
flzy, ... jxn) = _ax PN Ny
flor...0n) =1
One more example of a complete system is a system flg, where xjy = Zz ™ Zy. Indeed zjzr = -z,

e Ny = tajiy - (o) (yiy), v _y = 2(zx " 2y) = (2jy) ] (zjy).
One of the algorithms of computation of a function f : B" ¥ B™ is a scheme in a base F'. A
scheme S uses input variables z1,...,zm and also some additional variables y,...,ys. A scheme

S is determined by a sequence of assignments Y7, ..., Ys, where each of the assignments Y; is of the



form y; := fj (uk,,...,ux,) where fj 2 F" and each wuy, is either one of the input variables or one of
the additional variables y; where ¢ < i. The result of the computation is the triple of values of last
m additional variables ys_mi1,...Ys. Any scheme can be represented by an acyclic oriented graph.

The vertexes of input degree 0 are marked by input variables. The other vertexes are marked by

functions of F' and the edges are marked@Yyagai¢pbdesniBhtsvertexes of output degree 0 are marked

by output variables. X1
Example 1. F =7Flg =zj/z X5
Y1
Vit = 11T v

Y2 = yudn

Example 2. Let us consider the single digit adder. When we add to numbers written in binary
digit form in each digit we add the corresponding bites of summand and one bite that we kept in
mind from the addition of previous digit. We also have to outputs: the sum and the bit that we
keep in mind for next digit.

So we have three inputs 1, s, r3 and two outputs, let us denote them at first u,v (sum and

?7). We'll write X instead of Z and z ¢ y instead of z N y.

X

U = T1TaT3 _T1ToT3 __ T1T2T3 _T1T2T3
v Tll'gxg_l‘lfgl'g_$1$2T3_[E11’2[L‘3

A scheme in the base f:, g will be rather complicated. Let us introduce one more function

r " y—addition module 2.

T1 | T2 | XT3 ||U|V
0,0]01}]0]0
O[O0 (1 |1]0
O(1][01]0
O(1]1]0|1
110]0(1]0
1701101
1{11]0]0]1
171111




r T y=7Ty_ay
Now it is easy to see that
u=um T xy ¥ x3 (addition is associative)

O~ = O+

==l
— O~ Ol

v = (I‘l - LU2)133_$C1$2($3_T3 = (1’1 - LE2>I3_5L’1 ¢.T2
Y1 =T " Ty

Yo : =y bas

ys: = a1 0o

Yo =Y T3

Ys  =Y2_Y3

Better to draw this scheme in the following way:

It is easy to see that there may exist many schemes that compute a function f : B" ¥ B™. In

the previous example we can construct, for example, also the following scheme:

Y1 i=T1 T T Y = (952 - $3);?J3 =21 0T Ys = Y1 b3 Ys = T T Y25 Y6 = Ya Y3

The size of a scheme is the number of assignments in this scheme. The scheme complexity of a
function f : B" ¥ B™ in a base F' is the minimum size of a scheme in a base F' that computes
f. The computational complexity of f in a base F' will be denoted by Cg(f). The choice of F' is
not very important—it only multiplies the computation complexity by some constant, so in what
follows index F' will be omitted.

Let ¢ : B* B B be a predicate on B* (we identify a predicate and its characteristic function).
We have B* = :L_jo B", where B® = fAg, A—is the empty word—the word of the length 0 (not the
same as t!!). Le; ©n = ©jB".

Definition.  We say that a predicate ¢ is in the class P/poly if C(f,) = poly (n).
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Theorem. P  P/poly.

Proof. If a computation on an MT M is completed in a polynomial time then the size of memory
that it uses is also bounded by a polynomial (P~ PSPACE). And thus the computation starting
from the input word x of the length n can be represented by the computational table of the size

T £ S, where T' = poly (n), S = poly (n).

The row number of j determines the state of M after j steps of computation. The symbols
ju =2 S £ (Fog [ Q). Ty = howl) i, where o { 49 T PU) F

If for some input the computations halts at a moment 77 < T then we assume that all rows of
number j > T" are the same as the row of number 7’. Now a scheme that computes the values of
our predicate on the words of the length ¢ can be constructed in the following way. The state of
each square of our table can be encoded by a number of Boolean variables that does not depend on
n. More exactly it is enough z1, ...z, where L is the least number such that jSj¢ (jQj + 1) < 2&.
It is easy to see by the definition of computation that the state I' of any square in the row is j + 1 is
uniquely determined by the state of the square with the same number in the previous row and its left
and right neighbors. Thus each of variables that encode the state I' is a function of variables that
encode the state I, IV, I'.. The functions can be computed by the schemes of finite (independent
of n) size. The union of these schemes determines the scheme that computes ¢ for any word z of
the length n. O

It is easy to see that P/poly is larger than P. Indeed consider any predicate f on N. It

determines the predicate ¢(f) on B* such that ¢(f)(x) = f (jzj). So ¢(f)JB" is either identically



0 or identically 1. The scheme complexity of such function is bounded by a constant. So such
predicates are in the class Ppoly (a). But among them there are even undecidable predicates. The
following theorem is almost obvious:

Theorem. A predicate f is in P iff

1. f 2 P/poly

2. there exists a TM M such that constructs for any n a scheme computing f, during a polynomial

of n time.



The Class NP

Definition. The predicate L is in the class NP if L(z) = 9y (jyj < q (jzj) ™ R(x,y)), where ¢(n)
is a polynomial of n, and the predicate R(x,y) is in the class P.

Intuitively, L(x) = T iff there exists such a group y that allows us to verify that L(x) = T in

polynomial time.
For example. We say that a sequence vy, ... vy of the vertices of a graph is a cycle if (vj, vii1)
is an edge as well as (vmv1). A cycle is simple if none of the vertices is repeated. A simple cycle
that meets all the vertices is called Hamiltonian. Consider the following problem: Given a graph
determine if it has the Hamiltonian cycle.

If = is a binary coding of a graph and y is a binary code of Hamiltonian cycle it can be taken
such that jyj < jxj then R(z,y) = T iff y is the Hamiltonian cycle in z is polynomial.

2) Consider a problem SAT that was introduced on the first lecture. Given a formula F'(py, ... pn)
to determine if there exists an n-triple hoy ... oni such that F((o;...0n) = 1.

Once again if = is the binary code of F(p;...pn) and y is an n-triple oy ...0n then we may
calculate F'(oq,...,0q) in a polynomial time of the length of jzj (jyj = jxj). Thus this problem is
also NP.

It is easy to see that P 2 NP. Indeed if L(x) is a polynomial predicate we may take for R(z,y)
y =y ™ L(z). The problem to prove (or disapprove) that P 6 NP is open for few dozens of years
already!

Definition. We say that a predicate L; is reduced to a predicate Ly (Lials) is there exist. A
polynomially computable function f, such 8x1Li(z) , Lao(f(x)).

Lemma.

1. L, 2 P Ly(P)

2. Ly 2 NP ) L; 2 NP.
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Proof. Obvious.
Definition. We say that a predicate L is NP-complete if any NP-predicate can be reduced to L.
Theorem. (Cook, Levin). SAT is NP complete. Let L(x) = 9y (jyj < ¢ (jzj) ™ R(z,y)). R(z,y)
is polynomial. Consider the number of boolean variables that is enough to code the input z#vy it
is jrj + 14 ¢ (jzj) + 1. And consider a logical scheme for R under the fixed z.

y1 = 1 (Uiy, - Ui, - Ys = Ys(ui, - .. us)
for variables that code x we substite their concrete values.

U(u) = (N BY)N ... (y BYS)

aPBb ., abvab
ox(y,u) =1 for some y,u iff L(x)=1.

Lemma. If L; is NP complete and LiaL, and L, 2 NP then Ly is NP complete.
Corollary. If SAT is in P then P = NP.
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Probability Algorithms—Algorithms for Primary Testing

It is easy to see that the predicate x is a composite number is in NP. More exactly we consider
the predicate x is the binary representation of a composite number but we’ll usually speak about
the numbers themselves and consider the time of computation as the function of logz (the length
of x is proportional to logx).

Now “z is composite” , 9y (yjx Ny & NNy 6 ). Obviously logy = log x and yjz is a polyno-
mial predicate—we may use the usual algorithm for finding the quotient and remainder that work
for polynomial time.

More difficult is the following.

Theorem 1. The predicate “x is prime” is in NP. The proof of this theorem will be based on the
following.

Theorem 2. Let n > 1. Assume that there exists a primative root of n i.e an integer as such that
1. a"! - 1(modn)
2. a7 6 1(modn) for each prime factor of p j 1.

Then  is prime.
Proof. Since a"! - 1(n)ordhajn j 1. We'll show that ordna =n j 1. Suppose ordp(a) &n j 1

then 9k > 1(n j 1) = kord n(a). If p is a prime factor of k then

AN

et GM ) {aordn(a)} - 1(n)
p

Contradiction. By Euler’s theorem.

a’™ - 1(n)

So (n j 1) =ordnajp(n) thusn j 1 ® ¢(n) ® n j 1 by definition of p(n)), and p(n) =n j 1.

e(n) = (pf i p{71) . (ol i pBt) where n = pl* .. pli.
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Obviously this is equal to n j 1 only if s =1, @« = 1. Now we can prove theorem 1. We have to
prove that if n is prime then this fact can be proved in polynomial time. It is not the same as to
find out whether n is priem or not in polynomial time.

If p is prime let a be a primative root modn, and py,...ps, aq...as are such that (p j 1) =

i pfisl”]. Now we have to verify that e - 1(modn), the equality 477 and each of inequalities

anp—__l 6 1(modn). Let n = logp. Then S = 0(n). The computation of f? requires no more than

J
0(log ¢) multiplications. (Indeed if ¢ = 2" +2% 4 ... 4+ 2% where t; > 20 > ... >ty >?777. It is

2 tm

enough to use t; to obtain all f#™ ...  f* and no more than ¢; multiplications to obtain g(m < tp).

Now to verify 4 we need no more than 0(n?) multiplications (each a; < n thus for each pf we
need 0(n)-multiplications). Each multiplication requires no more than n? operations. Thus we held

Uand a7 we need even less operations. The problem is that

up to now 0(n*) operations. For a"~
we have to verify the primarity of all p; and thus to repeat all that was before for each of them (and
then four prime decomposition of pj i 1, etc.. How many times have we to repeat all stuff? Notice

that jo § y] » Jzj +]jy] i 1. The product of all primes at the kth step of our recursion is less than

p. Then
Jp+ipad+ .. +ipsh i s = jpip2- .. poj < jp
thus
Jp1i +Ipad + .- jp2] = 2jp)-
Indeed if
jp +ipad + ..+ psi - 2ip]
then

jpitiped+ . +ipsi i s L Jpi+ipi i s 5 Jpi
since jpj § s » 0.
The maximum number for prime testing of the kth step of recursion is at least twice less than

maximum number for the prime testing on the (k j 1)-th step. Indeed, it is a nontrivial factor of
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a number obtained on (k j 1)th step. Thus the maximum number of the steps of recursion is nor
more than n, and thus the sum of all lengths of numbers for prime testing is 0(n?). So we need no
more than 0(n®) operations. (Indeed it is enough 0(n?) operations.

The Probability Turing Machines (PTM) are defined in the same way as usual Turing Machine
only for some (¢, s) d(q, s) is a pair of triples hqi, st, Apii (i = M, T) and we decide which of them
to take by coin toss. If coin toss lands heads we take hqé, st Apni, is tails—then hgf, s{, Ap{i. So at
each step of computation we choose the next step with the probability % It is easy to compute the
probability of any output for a fixed input a.

Definition. A predicate L is in the class BPP if there exist a PTM M and a polynom p(n) such that
M with probability 1 tym(x) =« p(?7?77) and L(xz) =1 ) M gives the answer “yes” with probability
- %, L(x) =0 M gives the answer “no” with probability , % We can take any number greater
than % The class PBR will not change. For each such number we can get the right number with
probability as close to 2 as desired. We have to take several machines and to start them from the
same input simultaneously and take as the result—the opinion of the majority. If for any copy of
BPT the probability of wrong answer ¢ < % then the probability of wrong answer after such vote

of n machines will be

Z (1j C)|S\Cn—|8| = ((1j C)c)% Z (1 c >§—|S|

SC{1,...n} SC{1,...n}
Is|<% [SI<

where

5—ISI
. c - C 2 n
(since ;S < 1§ X <ﬁ) -2")
SC{l...n}
sl<%

Theorem. A predicate L is in the class BPP iff there exists such polynom ¢(n) and predicate
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R(z,y) 2 P such that:

rj|r\sq<\x|>AR(x:y>:1}

Lo =1 > U )

(@) > {riri<acmp} >3
fjlr\éq(\xl)/\R(X;y):l}

L —o0 3 4 .

(=02 {Hiri<aqri} >3

Proof.

1. Let L 2 BPP with PMT M and polynoms p(n). Let ¢(n) = p(n) (the number of coin tosses

is no more than all steps of computations).

R(z,r) = n if M gives at the input = the answer “yes” for the sequence of triples given in I'

(T is the sequence of h and t at those moments when we use the coin toss.
2. Those randomly the word I of the length ¢ (jzj) and plug into our predicate for variable .

Let us now consider probability polynomial algorithm for primary testing.

Step 1. Check if n is even, if so and n = 2 then n 77?7 if not n is composit.

Step 2. Check if n is a¥ for k = 2,3, ... [log, n]

Let us now consider probability polynomial algorithm for primary testing.

Step 1. Check if n is even; if so then if n = 2 then n is prime, otherwise composite so n is odd.

Step 2. Check if n is a* for k = 2,3...[log, n| (we discussed already that this can be done in
polynomial time).

Step 3. Represent n j 1 in the form 2%, ¢, where k& > 0 and ¢-odd.

Step 4. Choose random a 2 f1,2,...,ng

I"I—l(

Step 5. Compute a’,a*,...,a" }(moda)

Test 1. If a"' 6 1(modn) then the answer is “n-composite”;
Test 2. If 95 (azjj 6 §1) (a2i+1‘ - 1(mod n)) then n-composite, otherwise n-prime.

Theorem

1. If n is prime then we obtain the answer n is prime with probability 1 (always)
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2. If n is composite then the answer n is compo. site will be obtained with probabilty , %

Remark. Thus the probability of mistake is = % and if we apply this algorithm twice then the
probability of mistake will be = i.

If n is prime then a"~! - 1(n)—small Fermat theorem. If ¢*"'" - 1(moda) ) (a¥ j 1)(a® +
1) - 0(n) and since a?" 6 81 nis composite. This proves the first part of our theorem. Let us
prove the second part.

Let n =utv - 1(2)ged (u,v) = 1. If we cannot represent n in such a way then we’ll find that
n is composite on the step 2. If ged(a,n) > 1 then test 1 shows us that n is composite. So we
have to show that no less than % of all numbers prime with n give by our algorithm the answer n
is composite.

The group of reversible elements of a ring R is usually denoted by R*

Denote (z/uz)" = U, (z/vz)" = V. Then the group (z/nz) 2 U £ V—Chinese Remainder
Theorem!

Let us consider the subgroups
UR = {a:kjm 2 U}, vk = {:Uij 2 V}

We have I‘l%ll and ||va€‘| are integers. The map « ¥ 2K is a homomorphism and so the cardinality of
all sets Uy = {xjxk = y} is the same—does not depend on y 2 UK. Obviously U?>* U’ and thus
we have the following inclusions:
uv-oqur ... UMqflg
vVeoqvy .. vVl 9 fig
1. Let U"! & f1g (or V"1 & flg) to pass the test 1 we have to obtain after taking (n j 1)th
power the point of remainders (1, 1). Since any number in U"~! & f1g has the same cardinality
of the inverse image we obtain (1, 1) with probability no more than % (% in the case when U}

contains exactly 2 elements). And thus we obtain the answer “n-composite” after already the

first test with probability , 1.
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2. Let U""! = V"1 = flgsince fisodd j1 2 U \V',ie., theret =25 0 ® s < k (n = 2%/) such
that U2 = V"2t = f1g, but either U ' & flg or V't & F1g. Let us show that in this case also
with the probability , % the second test of our algorithm will give the answer “n-composite”.

We have a®*" - 1(n) and we have to understand what probability a'' 6 8&1(mod n)

(a) Ut = Fl1g (or V¥ j flg the same). So this case a’* 6 j1(modn) because for (j1) we
have to obtain the pair of remainders (j1, j1). Now as in the case one with probability
not less than 1 we’ll obtain the pair of remainders (1,«),« & 1 and thus a™ 6 1(modn).

(b) Ut & flg V' & flg, so jUY =c¢ , 2 jV¥j=d , 2. Then the probability to obtain

fl,1g or fj1, j1g is no more than % - %
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