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1 Existence of finite-sheeted covering spaces

For compact 2-manifolds (assume orientable, genus g > 2, with nonempty boundary and free non-abelian
fundamental group), there are lots of finite-sheeted covering spaces that arise from group theory since Fj
surjects onto GG, where G is finite and non-abelian.

For this course: All 3-manifolds are connected. All groups are finitely generated. The goal of this section
is the following theorem:

Theorem 1.1 (Thurston, Hempel). Let M be a compact 3-manifold. Then m M is residually finite.

Definition. Let G be a group. G is residually finite (RF) if for all 1 # g € G, there exists a homomorphism
¢ : G — A, with A finite, such that ¢(g) # 1.

Examples. 1. If G is finite, G is RF.
2. (Exercise) If G is abelian, G is RF.

Remark. With a view to Theorem 1.1, we can assume that w1 M is infinite.

Lemma 1.2. Let G be a group, and H < G a subgroup. Then
1. If G is RF, H is RF.
2. If[G: Hl < oo and H is RF, then G is RF.

Proof. 1. Let 1 # h € H. If G is RF, there is a homomorphism ¢ : G — A, with A a finite group with
¢(h) # 1. Letting 1) = ¢|g shows that H is RF.

2. To prove this, we make the following reformulation.

Claim. G is RF if and only if for all 1 # g € G, there is a finite index subgroup H < G such that g ¢ H.

Proof. If G is RF, then Ker ¢ is a finite index subgroup of G that excludes g. Let H be a finite index
subgroup of G and let g € G (g # 1). Take C = Coreg(H) = ((all conjugates of H). Then C is a normal
subgroup of finite index in G and ¢(g) # 1 in G/C. This proves the claim. O

If g € G\ H, this reformulation of RF applies. If g € H and H is RF, then by the reformulation, there
is a finite index subgroup K in H with g ¢ K. Since [G : H] < oo and [H : K| < oo, we have that K has
finite index in G. O

Remark. With a view to Theorem 1.1, it suffices to prove residual finiteness on finite covers. In particular,
we can assume M is orientable.

We now introduce another reformulation of residual finiteness, which suggests that it corresponds to
having “lots” of subgroups of finite index.



Claim. G is RF if and only if m H=1
[G:H]<o0

Proof. If G is RF and g € NH, then by RF, there is a finite index subgroup K < G such that g

¢ K,
contradiction. If NH =1 and g € G, then there is some finite index subgroup H < G such that g € H.

a
O
The following corollary summarizes the formulations of RF":
Corollary 1.3. The following are equivalent:
1. G is RF;
2. For all g € G\ {1}, there is a finite index subgroup H < G with g ¢ H;
3. (] H=L
[G:H]<o0
Remark. If G is RF and ¢1,...,¢9, € G\ {1}, then there exists a finite index subgroup H of G such that
gi,---,9n & H. To see this, we intersect the subgroups of G constructed for each g;.
Topological Reformulations of RF
Let X be a compact topological space and X be its universal cover. Let G = m X.
What does G RF mean for finite covering spaces of X7

Let g € G (g # 1) and represent g as a based loop o : I — X. By RF, g € H. If Xy denotes the cover
corresponding to H, the there is some lift of a to Xy that is not a loop. We see the following reformulation
of RF in this setting: G is RF if and only if given any based loop « : I — X, there is a finite sheeted cover
X1 — X such that some lift of « is not a loop. (If X; is a regular cover, all lifts of « are not loops.)
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Figure 1.1: Xy is the cover corresponding to the subgroup H

Claim. G is RF if and only if the following condition holds: if C' is any compact subset of X, there exists
a finite-sheeted covering space Xo — X such that under the natural covering map X — X¢, C projects
homeomorphically.

Proof. Since G acts properly discontinuously on X and C is compact, the set {g € G\ {1} | g(C)NC # 0}
is finite. Let ¢g1,...,9, € G be the nontrivial elements in this set. By the previous remark, there is a finite
index subgroup H < G such that g1,...,9, € H. Let Xz — X be the finite cover corresponding to H.
Then C' projects homeomorphically to Xp.
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Figure 1.2: C projects homeomorphically to the finite cover X¢

Assume the topological condition holds. Use part 1. Let g € G\ {1} and let @ : I — X be a based loop
representing g. By the topological condition, there is a finite sheeted cover X — X for which C' embeds.

Then « does not lift to X by covering space theory and map lifting. O
s
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Figure 1.3: The arc [p, q] embeds into the finite cover X¢

Theorem 1.4. Let F' be a finitely generated free group. Then F is RF.

Proof. The exercise above shows this for abelian groups, so we may assume F' is free non-abelian. By Lemma
1.2, it suffices to take F' to be the free group of rank 2, i.e. F'= (a,b| —). View F as the fundamental group
of a wedge of 2 circles, with one circle colored red and one circle colored blue.

Figure 1.4: View F' as the fundamental group of the wedge of two circles X



At each vertex v € X, we see an incoming and outgoing red edge and an incoming and outgoing blue
edge. Also recall that to construct a cover of X, it suffices to arrange the local picture at each vertex.
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Figure 1.5: The universal cover X of the wedge of two circles

Let C' C X be compact. (We can assume C is connected.) Let C' have k vertices, and edges of C are
labeled Red and Blue. If we consider an edge of C labeled Red (respectively, Blue) connecting vertices u
and v, one of u and v will be an incoming Red vertex (respectively, outgoing Red vertex).

Let k, be the number of * edges, where * is Red or Blue. The number of vertices of C' missing an
incoming or outgoing Red edge is k — kg, and the number of vertices of C' missing an incoming or outgoing
Blue edge is k — k. Take a bijection between the two sets of cardinality k — k. Use this to adjoin the edges
to complete a graph on the Red edges. Similarly for the Blue vertices. This determines a finite cover of X
because the local conditions hold. O

Example. Let C be the subset of X given in figure 1.6. Here k = 8, and there are kg = 3 red edges and
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Figure 1.6: A compact subset C' C X

kp = 4 blue edges. The set of vertices lacking an incoming red edge is {1,3,6,7,8}, and the set lacking
an outgoing red edge is {3,4,5,6,8}. We construct a bijection between them by pairing 3, 6 and 8 with



themselves, and pairing 1 with 4, and 7 with 5. In the diagram, this means adding extra red edges with the
prescribed endpoints so that the “local picture” is recreated for red edges at each vertex.

Having done this, we now repeat the process for blue edges. The set lacking an incoming edge is {1, 2,4, 7},
and the set lacking an outgoing edge is {1, 3, 6,8}. We construct the appropriate bijection by pairing 1 with
itself, 2 with 3, 4 with 6, and 7 with 8. The resulting graph is shown in figure 1.7.

a

Figure 1.7: The set C, completed with respect to red and blue edges

Completing C' with respect to red and blue edges gives a compact subset of X with the correct local
picture at each vertex. This then defines a finite cover X of X.

Remarks. 1. If G is RF, G has a positive solution to the word problem.

Let G = (X | R). The word problem asks whether there is an algorithm to decide whether a given word
w € X represents the identity. If G is RF, we can distinguish g # 1 in G from the identity in some finite
quotient, so the word problem is equivalent to listing finite quotients.

2. If M is a closed manifold, one can ask: when does M admit degree 1 maps M — M that are not
homeomorphisms?

Definition. We say G is Hopfian if, whenever ¢ : G — G is onto, then ¢ is an isomorphism.

Claim. If the finitely generated group G is RF, then G is Hopfian.

Proof. Assume ¢ : G — G is onto and let K = ker ¢. Because G is finitely generated, for all n > 1, there are
only finitely many subgroups of index n in G. Call these subgroups Hi, ..., Hy . By the Correspondence

n

Theorem, ¢~ (H;) is a subgroup of index n. Moreover, the Correspondence Theorem implies that {¢~1(H;) :
i=1,....k,} ={H; :i=1,...,k,} and K C ¢~ 1(H;) for i = 1,...,k,. Then K is contained in every
subgroup of finite index in G. Since G is RF, this intersection is trivial, so K is trivial. O

Proposition 1.5. There exist finitely presented, non-residually finite groups.

Proof. Let B = {(a,b | a='b*a = b®). The task is to exhibit some w € B (w # 1) so that the image of w is
trivial in all finite quotients of B. Let GG be a finite quotient of B and a and [ the images in G of a and b,
respectively. We need the following facts, which will be presented without proof:

F1. (Consequence of the relation) a="b%"a" = b>"
F2. Let by = a~'ba and ¢ = bl_lbflblb. Combinatorial group theory gives that ¢ # 1 in B.

Claim (A). c¢ is trivial in all finite quotients of B.



Proof. Let a have order n in G. From F1, we see 2" = 33", so %" — 2" = 1, so the order of § divides
37 — 2", In particular, it is coprime to both 2 and 3. Then 3 is a power of 32. If 3; is the image of by, then
By is a power of 32. O

Claim (B). 8 is a power of 33.
Proof. 3 = (a™1Ba)? = a™1%a = B33.

Then the image of ¢ is Bl_lﬁ_lﬁlﬁ = B73371pB3 = 1. O
Theorem 1.6. If G and H are RF, then G * H is RF.

Proof. Let 1 # g € G* H. Then g has a normal form, i.e. it has a unique expression g = g1h1 - gnhn,
where g; € G, h; € H and, g;,h; # 1. (A similar argument will apply for the variations of this normal
form beginning and ending in G or H.) By the extension to RF, there exist homomorphisms ¢ : G — A,
v : H — B, where A and B are finite groups and a; = ¢(g;) # 1, by = ¥(h;) # 1 fori = 1,...,n. Then
there is a homomorphism 6 : G« H — A x B where 6(g) = a1b; - - apb, # 1. Then it suffices to prove the
following lemma:

Lemma 1.7. If A, B are finite groups, then A * B is RF.

Proof. We will show that A x B is virtually free, i.e. A x B contains a free group of finite index. Let
¢ : Ax B — A x B be the canonical homomorphism. If K = ker ¢ and A and B are finite, then K is of finite
index in A x B.

Claim. K is free.

Proof. Use the Kurosh Subgroup Theorem: Suppose that G is the free product of G; and Gy and H is a
subgroup of G. Then H is a free product of a free group together with subgroups conjugate into G; and
subgroups conjugate into Go. Apply this to K: K = F * (xqAqs) * (*gBg), where A, is conjugate into A
and Bg is conjugate into B. Since A, is conjugate into A, ¢(A,) is conjugate into ¢(A) = A x 1, and since
Bg is conjugate into B, ¢(Bg) is conjugate into ¢(B) = 1 x B. A, and B map trivially, so A, = 1 and
Bg =1. Then K is free. O

O
O

Definition. G is linear if G admits a faithful representation into GL,,(C) for some n.

Theorem 1.8. Finitely generated linear groups are RF.

Proof. Warm-up: GL,(Z).
Let 1 # g € GL,(Z). Then g — 1 # 0. Let = be a non-zero entry of g — 1. Let p € Z be a prime not dividing
x. We have a ring homomorphism Z — Z/pZ that defines ¢, : GL,,(Z) — GL,,(Z/pZ). Because Z/pZ is a
finite group, GL,,(Z/pZ) is a finite field. By construction ¢,(g) # 1.
Now consider the general case: g € GL,(C) (g # 1). Assume G = (g1,...,9n). Define R (C C) to be the
ring generated over Z by 1, entries of g;, and entries of g; 1. R is a finitely generated integral domain.

By Lemma 1.2, it suffices to prove RF for GL,,(R). As before, g € GL,(R) (g9 # 1), s0 g —1 # 0 and we
can find z, a non-zero entry of g — 1. The key algebraic lemma that allows us to extend the argument is the
following:

Lemma 1.9. Let R be a finitely generated integral domain. Then

1. N M = (0)

M mazximal in R



2. R/ M is finite field for M a mazimal ideal.

From the first part of the lemma, we can find M, a maximal ideal such that x ¢ M and proceed as
before. 0

Examples. 1. If G is finite, then G is linear: Because G is finite, there is a one-to-one injection of G into
Sy, for some n. Then use the permutation representation of S,, — GL,,(C).

2. If G and H are linear, the G x H is linear: If G — GL,(C) and H — GL,,(C), then G x H maps into
GL;+m(C) in the natural way.

3. (Harder) If G and H are linear, then G x H is linear.

Question. If M is compact 3-manifold, is m M linear?
Theorem 1.10. Finitely generated free groups are linear.

Proof. Z is linear. If G is linear and H is a subgroup of G, then H is linear. Then it suffices to show G = F,
is linear. We will use the Ping Pong Lemma.

Theorem (Ping Pong Lemma). Let G act on a set X and G = (A, B), where |A| > 3. Assume that there
exist subsets Y, Z C X such that

1.YNZ=0;

2.a(Y)C Z foralll#a€ Aandb(Z)CY foralll+#be B.
Then G = A x B.

[Window on Ping Pong Lemmal

Proof. There is a natural epimorphism: f: A* B — G. So we need to show that f is injective. We will do
this by showing ker f is trivial.
Let a; € Aand b; € B. If g € G\ {1}, then

albl...an_lbn_lan (
albl...an_lbn_lanbn (

bi..bp_1an_1by, (case 3
bl...bn,lan,lbnan (
)

is non-trivial.

Case 2: Consider ayb;...a,,_1b,_1a,b,. Since |A| > 3, thereisana € A\{1,a:}. Now, g = a taibi...an_1b,_1a,bna
fits into case 1. Thus, g is non-trivial and a1b;...a,—1b,_1a,b, is also non-trivial.

Case 3: This case follows from conjugation by ag € A\{1}. agb;...anbnay*. We now have reduced the
problem to case 1.

Case 4: This case follows from considering (albl...an,lbn,lanbn)_l7 which is non-trivial by case 2. O

Now let «, 8 € C, with |a], |8] > 2. LetA:<<(1) ?>>§ZandB:<<; ?)>§Z. Then we

have G = (A, B) C SLy(C). We view SLy(C) as acting on C? by <a b> <z> = <az+bw>. We let

c d) \w cz + dw
Y ={(z,w): |z| < |w|} and Z = {(z,w) : |z| > |w]|}.
Clearly, Y N Z = (). We check the second condition of the Ping Pong Lemma. Let A € C. Then
((1) i‘) <5}> = (z +w)\w>' If [\| > 2 and (z,w) € Y, then |z + Aw| > |w|, i.e. the image is in Z. Then
a(Y) C Z for all 1 # a € A. The same argument shows b(Z) C Y for all 1 #£b € B. O



Remark. Free groups are everywhere in linear groups. More precisely, let I' be a finitely generated linear
group, then either I' contains a free non-abelian group or I' is virtually solvable. This is known as the Tits
Alternative.

Example. Linear groups with a view to geometry.

1. Euclidean manifolds

Let E® = (R™,dg). Then Isom(E") = {z 5 Az +b | A € O(n),b € R*}. We can exhibit a linear map of
Isom(E™). Here multiplication in Isom(E™) is just composition:

x5 Az +b
s Al + b
(goh)(z) =g(h(z))
=AAz+V)+b
= (AA )z + (AV +b)

We can exhibit a linear representation of Isom(E"™):

Alb

Hence, Isom(E™) is linear.

[Window: this metric on R™*! restricts to a Euclidean metric]

Definition. M is called a Euclidean (or flat) manifold if M = E"/I" and I' C Isom(E™) acts freely and
discontinuously.

If T is finitely generated, then T is residually finite by Theorem 1.8.

Remarks. 1. It follows from Bieberbach’s Theorem 1 that if M™ is a closed flat manifold, then 71 M has
Z" as a finite index subgroup.

2. It follows from Bieberbach’s Theorem 2 that for a fixed n, there are only finitely many closed, flat
n-manifolds distinct up to homeomorphism.

Question. Are there flat manifolds that are integral homology spheres?

2. Hyperbolic Manifolds

A Riemannian manifold M is hyperbolic if M = H"/T" where I' C Isom(H") acts freely and discontinuously.
The upper half-space model for hyperbolic n-space is H* = {(z1, ..., x,) € R™ | ,, > 0} with a metric defined

by
o dei+de3+..dx?  “Euclidean metric”?

3 height?

ds

Claim. Isom(H") is linear.

The proof is hard to show in the upper half-space model in high dimensions. However, it is relatively
easy to see in the hyperboloid model. First equip R"*! with an inner product ( , ) where

(T, y) =x1y1 + - + TnlYn — Trng1Ynti-

Let H* = {z € R"*! | (z,2) = —1,2,41 > 0} be the “upper sheet” of the hyperboloid. We can define a
metric d on H” by cosh(d(z,y)) = (x,y).

[See Window for proof that d is a metric]



Definition. Og(n,1) = {X € GL,;+1(R) | XTJX = J, X preserves sheets}, where

1 0 0

J— 0 0
0 1 0
0 0 -1

By the definition, Og(n,1) C Isom(H"). In fact, Og(n,1) = Isom(H").

[See Window for more details]
The upshot of the above is that if M is hyperbolic and m M is finitely generated, then 71 M is residually
finite.

Proposition 1.11. Let 3, be a closed orientable surface of genus g > 1. Then m%, is linear (and hence
RF, by Theorem 1.8).

Proof. If g =1, then m %, is abelian and is linear as shown before. It suffices to show the case where g = 2,
because all other X, cover 3.

Figure 1.8: The identification of the octagon will be shown to be H?/T", where I is linear.

Topologically, 35 is an identification space of an octagon. To show that ¥ is a hyperbolic manifold, we
need a faithful representation p : 73y — Isom(H?) with p(m;3s) acting freely and discontinuously. The
following steps achieve this:

1. Build a hyperbolic octagon;
2. Glue sides together by isometries of H?;

3. Insist that interior angles are 7. (5 = 2m).

Geodesics in (the upper half-plane model for) H? are straight lines and circles orthogonal to OH? =
R U {o0}. The octagon should be built from sides contained in such geodesics. (Note that we can always
find these isometries: given a pair C7, Cy of circles or lines as above there is a T' € PSLy(R) that sends C
to Cg.

Denoting the four pictured side-pairings by A, B,C, D € PSLy(R), then (A, B,C, D) C Isom(H?), and
<Aa B,C, D> = 771(22)'

Notice from Figure 1.9 that all eight vertices of the octagon are identified in the quotient. We thus
require a regular octagon with angles %’“ = 7. Thurston gives an elegant way to do this via uniformly
growing a small, almost Euclidean octagon to a larger octagon with arbitrarily small angles, and appealing
to the Intermediate Value Theorem. We will build the required octagon from smaller triangles.



Figure 1.9: Here, we enforce a condition like the manifold condition, be we do it metrically.
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Figure 1.10: The smallest triangle we need to make.

As seen in Figure 1.10, we have to construct a triangle in H? with interior angles (5, %> %) To construct

this triangle, let L be the vertical geodesic with endpoints at 0 and oo in the upper half-plane. Let C' be
any geodesic meeting L orthogonally, so C' lies on a circle centered at 0. Elementary analysis then gives a
circle C’, centered on the real axis, which meets L and C such that the resulting triangle has interior angles
as required (Figure 1.11).

Thus m X9 can be realized in PSLy(R), and hence is linear. O

Having shown that surface groups are RF, we return to the proof of Theorem 1.1 for 3-manifolds. Let
M?3 be a compact, (connected), orientable 3-manifold. Our next reduction will be that we will only have to
consider closed 3-manifolds.

Example. Let H,; = handlebody of genus g > 1.

The boundary 0H, = ¥, is the surface of genus ¢g. If i : 0H, — H, is the inclusion map, then 4, is
not injective at the level of fundamental group. For example, if C is the given curve (Figure 1.12), then
i ([C]) = 1.

For simplicity, we will only worry about embeddings of orientable surfaces.

Definition. Let ¥ be a closed, orientable surface. Let M3 be a 3-manifold and let f : ¥ < M be an
embedding.

1. If ¥ # S?, then (the image of) ¥ is incompressible if f. : m % — w1 M is injective.

2. If ¥ = 52, then (the image of) X is incompressible if ¥ does not bound a 3-ball in M.

10



Figure 1.11: C meets L at angle 7.

Figure 1.12: H,.

Otherwise, 3 is compressible.

The above definition relies on the fundamental group. In fact, it is equivalent to the geometric definition
by the following theorems that connect the algebra to the topology.

Theorem (Loop Theorem, Papakyriakopoulos, 1956). Let M be an orientable 8-manifold. Let f : S — M
be an embedding of a closed orientable surface. Then if ker f, £ 1, there is an essential simple closed curve
on S that lies in kerf,, i.e. there is a disk D C M such that DNS = 0D is essential simple closed curve on
S.

Recall that an essential curve  on S is non-trivial in 71 (S) and bounds an embedded disk in M.

Definition. M3 is irreducible if for every embedding f : S? < M, the image f(S) is compressible (that is,
every sphere in M bounds a ball).

Theorem (Alexander’s Theorem). R? and S® are irreducible.

Examples. 1. Let My, M5 be closed, oriented 3-manifolds. Form the connect sum of M; and M,, denoted
by Mi#Ms, as follows. Let B; C M; (i = 1,2) be a 3-ball. Remove the interiors of the B;. Form the
quotient space obtained by identifying 0B; = 0B, =2 S? by a homeomorphism of S? such that M;# M,
is orientable.

If My, My # S3, then the identification sphere is an incompressible S2 in M;#Ms.

2. Let M3 = H3/T be closed and orientable. Then M is irreducible and every embedding T? < M of
the 2-torus into M compresses.

11
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Figure 1.13: The connect sum of two 3-manifolds

Proof. To prove the irreducibility, we will prove the following:

Claim. Suppose p: R3 — M is the universal cover. Then M is irreducible.

This statement is purely topological, so we may apply it to M = H?/T.

Proof. Assume that S C M is a 2-sphere. S lifts to R3 to give a collection of S?’s in R?® that are just
translates of each under the action of 71 M. By Alexander’s theorem, all of these S2’s bound balls in R3.
Choose a particular lift, S such that the ball B it bounds contains no other lifts of S. (We may do this
because I' acts discontinuously action on R?).

Claim. S bounds p(B).

Proof. First check that p: B — p(B) is a covering map. Then since S — S is injective, it follows that p is a
homeomorphism onto its image. O

We now need to show that every T? < M compresses. We shall show that Z&Z ¢ T'. Let P = (o, ) C T
be a copy of Z @ Z. Recall Isom™ (H?) = PSLy(C), with action is the natural extension of

a b az+b
Z = .
c d cz+d

Non-trivial elements of PSLy(C) are characterized as follows:

1. ~is elliptic: there exists a fixed point inside H®. In this case, v is conjugate in PSLy(C) to (6\ )\01>,
where || = 1.

2. 7 is hyperbolic: there are two fixed points in the boundary of H3. In this case, v is conjugate in

PSL,(C) to (())\ )\01), where |A| # 1.

3. v is parabolic: there is exactly one fixed point in the boundary of H?. In this case, v is conjugate in

PSL,(C) to <(1) })

First, note that since M is a manifold, I" does not contain non-trivial elements of finite order. Neither
can it contain elliptic elements of infinite order, since they would cause I' to not be discrete. Thus, o and
are not elliptic.

Assume that « is hyperbolic. Conjugate T' in PSLs(C) so that a = (3 )\01) . Then « has fixed points
{0,00}. Let A be the geodesic in H? from 0 to co. If B = (z Z) and [a, 8] = 1, where [, | is the

commutator, then

12



A0 a b\ [ Xa Ab
0 A1) \e d) \W\le Xl
a b\ (A 0\ _ (A X'
c dJ\0 A1) 7\ MNld)C

We see Ab = bA™! and Ac = cA 7!, so either A = A~ or ¢ = b = 0. By assumption, A # A~!, and therefore
B fixes both 0 and co. P = {(a,3) C T acts freely and discontinuously on H?, so P|4 acts freely and
discontinuously on A. But this is a contradiction, as such a group is isomorphic to Z.

and

Now suppose that a, are parabolic elements. Conjugate in PSLo(C) such that a = ((1) i) and

5= (é 91“).

height t

1
2

[T i

Figure 1.14: The hyperbolic distance between p and g is %

Let p and ¢ = a(p) be two points of equal height ¢ identified by a. The hyperbolic distance between
p and q is % (see Figure 1.14). As p and ¢ move upwards toward oo, the hyperbolic distance dg(p,q) = %
goes to 0. But diameter is bounded in the Riemannian manifold M. So in M we see a sequences of closed

geodesics whose lengths converge to 0, which is illegal. O

O

Example. Let K C S be a non-trivial knot. Denote by V = N(K) a tubular neighborhood of K, and by

N(K)

Figure 1.15: A neighborhood of a non-trivial knot.

E(K) := 83\ int(N(K)) the exterior of K. Note that F(K) is compact 3-manifold with torus boundary.

Claim. T = 9V is incompressible in E(K).

13



Definition. A meridian p of K is an essential simple closed curve on 0V such that bounds a disk in V.

We want to (canonically) choose a second essential simple closed curve on 9V such that (u, \) = mT =
Hy(T,7Z). Furthermore, we ask that A be such that the intersection number A - p = 1, and that X is
homologically trivial in Hy(F(K),Z). Recall from Mayer-Vietoris Hy(T) = H1(V) @ H1(E(K)). We choose
A to be a generator for Hy (V), trivial in Hy (F(K)), and such that A C 9V is a simple closed curve homologous
to K in V. We call such a A a (preferred) longitude for K.

Proof of Claim (T is incompressible). Assume that T is compressible. By The Loop Theorem, there is a
disk D C E(K) such that DNT = 9D = { is an essential simple closed curve on T. Since £ is homotopically
trivial in E(K), £ is homologically trivial in E(K). Hence £ = A (the preferred longitude). Now we have that
A co-bounds an annulus with K, and ¢ bounds a disk. Hence, K bounds a disk. This contradicts K being
non-trivial. O

Example. Let K, K non-trivial knots, and E(K), E(K3) their exteriors. Form a new manifold E(K)Ur
E(K3) where T = T? = 9E(K;) = 0E(K,). By the above claim, T is an incompressible torus in M.
(These are examples of the classes of manifolds with fundamental groups that are not known to admit linear
representations.)

We now return to the proof of Theorem 1.1. It suffices to prove the theorem for closed 3-manifolds, as
illustrated by the following result.

Proposition 1.12. If all closed 3-manifolds are residually finite, then all 3-manifolds are residually finite.

Proof. Let OM # (). Assume OM consists of finitely many closed orientable surfaces. We may also suppose
that there are no S? boundary components, because capping these off would leave these with 3-balls would
leave the fundamental group unchanged.

Case 1: All boundary components of M are incompressible.
> & %

Figure 1.16: The manifold Dy,

(¢/

Let Djs be the closed orientable 3-manifold formed by identifying the boundary components of Mg and
My, in My U Mg (see Figure 1.16). The fundamental group 71 D/ is obtained from m M by a sequence of
amalgamations and HNN extensions. Furthermore, 71 (M) injects at each stage by the Seifert-van Kampen
theorem. Therefore if 71 (D) is residually finite, then m (M) is residually finite.
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Case 2: Some boundary component ¥ of M compresses.
By the Loop Theorem, there is an essential simple closed curve ¢ € ¥ that bounds a disk in M. Hence, the
proof of the proposition is completed by the following lemma.

Lemma 1.13. Let M be as above. Then there exist 3-manifolds My, ..., M, such that m (M) = m (M) *
w1 (M3) * ... x m (M,) * F, where the M; have incompressible boundary, and F is free.

The proof of this is left to the reader (cf. HW)

Figure 1.17: Here X is compressible.

Hence, from Case 1 and before my (M) is residually finite if each of the 71 (M;) are residually finite. O
Definition. M is prime if whenever M = M;# My, then at least one of the M; = S3.
Example. S? x S! is not irreducible (it has an incompressible S?) but is prime.
Example. (see hw 1) If M is closed, orientable, and prime but not irreducible then M =2 S? x St

Proof. (sketch) That M contains incompressible S? and is prime implies that the incompressible S2, say
S, is nonseparating. We argue that M contains an S2 x S! as a connect summand contradicting, M being
prime. To do this take a neighborhood S? x I about S and drawing in an arc (see Figure 1.18). We can
show that this gives S? x S' as a summand. O

Figure 1.18: M contains an incompressible, non-separating 52



Remark. If M is not prime, then 7 M is a free product.

Theorem (Prime Decomposition Theorem (Kneser, Milnor)). Let M be a closed orientable 3-manifold.
Then M containts a collection of pairwise disjoint, incompressible S?’s such that decomposing M along the
spheres gives a collection of prime 3-manifolds (Kneser). This is unique up to the order of prime factors
(Milnor).

Remark. This collection may be empty.

Now, to prove Theorem 1.1, it is enough to assume M is closed, orientable and prime.

Theorem (Geometrization Conjecture (version 1)). Let M be as above. Then M contains a family T of
patrwise disjoint, incompressible tori such that the interior of any component of M\ T admits a “geometric
structure of finite volume” (or w1 (cpt) is virtually abelian).

Figure 1.19: An example of a JSJ decomposition T

Examples. 1. M =H3/T (T =0), and M =S?/T (T = ().
2. Two nontrivial knot exteriors, say the figure 8 knot and the trefoil, glued along their torus boundary.

3. M = T3 - cutting along a T? we get a T2 x I.

Geometric Manifolds

Let X™ be a Riemannian manifold. X" is called homogenous if Isom(X™) acts transitively on X.

Definition. By an n-dimensional geometry we mean a connected, simply connected, homogenous Rieman-
nian manifold X such that X is unimodular (i.e. X has a quotient space of finite volume). We say that
the Riemannian manifold M admits a geometric structure modelled on X if M = X/T with T" C I'som(X)
acting freely and discontinuously.

Example. (n = 2)
1. S? is compact so itself has finite volume;
2. E? has the group Z x Z acting discretely and discontinuously, with compact quotient;
3. H? has the genus g surface ¥, as a quotient, for g > 2.

Example. (n = 3)

1. 52 is compact so itself has finite volume;
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2. E3 has Z? acting discretely and discontinuously, with compact quotient the 3-torus 7°2;
3. H? has finite volume quotients, one is constructed below.

Example. (arbitrary n)
1. S™ is compact so itself has finite volume;
2. E™ is acted on by Z™ with compact quotient the n-torus T7;

3. H" is a more difficult case, and was shown to have an n-dimensional geometry by work of Borel, who

showed these have cocompact lattices.
Example. To show H? is a 3-dimensional geometry, use the Seifert-Weber dodecahedral space. Start with
a dodecahedron in H? with all dihedral angles equal to 2?” (See Figure 1.20) and identify opposite faces with

a 3?” clockwise twist. The result is a closed hyperbolic 3-manifold.

Y

Figure 1.20: A regular dodecahedron in H?

Examples. (Other 3-dimensional geometries)
1. 8? x R with the product metric. Isom(S? x R) = Isom(S?) x Isom(R), so S? x S! is a finite volume

quotient of S? x R by Z.
2. H? x R with the product metric. In a similar way, 3, x S is a finite volume quotient, for g > 2.

1 = =z
Example. NIL = 01 yl|l|z,y,z€eR
0 0 1

This is a 3-dimensional Lie group: it is a closed subgroup of SLo(R). Tt is connected and simply con-

nected.To see this, we can identify NIL with R? so that multiplication is preserved.

Since we have the multiplication rule
 z42 4y

1 =z =z 1 2 2 1 o+
01 y 01 ¢|=10 1 y+vy ,
0 0 1 0 0 1 0 0 1

we can define a multiplication in R3 by
(,y,2)(a' Y, 2) = (@ + 2" y+ v, 2+ 2 +ay)

€ NIL with (z,y, z) € R3.

[
— < w

1
and identify the element | 0
0

17



NIL, being a Lie group, admits a Riemannian metric which is left invariant under NIL, i.e. there is a map
L, : NIL — NIL defined by L, (y) = ay (see Scott’s article for explicit coordinates). Also, NIL C Isom(NIL).
Note that NIL acts transitively and freely on itself, since NIL is a group.

1 =z =z
To show NIL is a 3-dimensional geometry, consider H = 0 1 y||=xy,z€Zp C NIL. H acts
0 0 1
freely on NIL. Since Z is a discrete subgroup of R, H is a discrete subgroup of NIL, and, since H is discrete,
H acts discontinuously on NIL.

Claim: NIL/H is a closed 3-manifold.

1
Proof. Let a= | 0
0

10 100
1 0)andb= (0 1 1]. Clearly (a,b) C H. We show that H = (a, b).
0 1 0 0 1
1 0
Let c=aba b= [0 1
0 0

1 1 =z =z
0 ). It suffices towrite g= |0 1 y | € H in terms of a, b, c.
1 0 0 1
We have
1 n O 1 0 0 1 0 k
a"=(0 1 0], =(01 m]|],F=10 10
0 0 1 0 0 1 0 0 1
and so

a"bmF =0 1

1 n k+nm
m
0 0 1

Given g we can solve the equations n =z, m =y, k = z — xy. Therefore H = (a,b).
We now seek to describe the quotient space NIL/H.
Remarks. 1. One checks that [a,c] =1 and [b,c] = 1.

2. We have (b,c) C H, generating a copy of (b,c) 2 Z ®Z C H. Now a normalizes (b, c), because, since
aba='b~! = ¢, we have aba—! = cb. Furthermore, [a, c] = 1, so we have (b,c) << H. So H has a normal
subgroup isomorphic to Z @ Z.

3. Notice that (b, c) acts by unit translations:
(0,1,0) - (z,y,2) = (x,y + 1, 2)

and
(anvl) : (xvyv’z) = (iE,y,Z—I- 1)

4. Consider T? = R3/A with A = (A, B,C) where A, B, C are translations:
1 0 0
A:z—z2z+ (0], B:z—z+|1], C:z—zxz+ |0
0 0 1

Now (B, C)) acts on the (y, z)-plane in the same way as NIL above. Consider R3/(B,C) 2R x T? (see
Figure 1.21). Taking the quotient of R x T2 by A identifies T? x {0} with T2 x {1}, giving T°.
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~
2 % {0}
T2 % ) -

Figure 1.21: T2 x R, before identification

To describe NIL/H, we first form the quotient R x T2 by quotienting out by (b,¢). This is the same as
in the above remark, because (b, c) acts on R? in the same way as (B, C). To see how a acts, notice that

(1,070)'({E,y72) = (x-i—l,y,z—i-y),

so (r,y, ) gets identified with (z + 1,5,z +y) by a, and T? x {0} gets identified with 72 x {1} with a twist.
This shows NIL/H is a closed 3-manifold (so NIL has a 3-geometric structure), proving the Claim. O

We can alternatively think of NIL/H in the following way: Let

10
(1)

acting on R? = (y, 2) plane via T : (y, z) + (y,y + z). The action of T preserves the standard Z-lattice, so
T descends to a homeomorphism ¢ : T2 — T?2. To get a different description of the previous construction:,
take T2 x I/ ~ where (z,0) ~ (¢o(z),1).

We next describe another 3-dimensional geometry, SOL, whose construction bears some similarity to the
above.

Let A= (% 1) As above, A descends to a self-homeomorphism of 72. The eigenvalues of A are

3+5
2

= elo

)\:

and

3—5

—to

A=

143 1-V3
() ()

Powers of A act by expanding in v; and by contracting in vy. Identifying {vi,ve} <> {e1,e2}, then A acts
by (z,y) = (e'ox, e~ "oy).

The corresponding eigenvectors are
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To describe SOL, we equip R3 with another multiplication,
(Qf, Y, Z)(Zlv ylzl) = (1‘ + 621‘/, Yy + e_zy’, z+ Z/),

and the metric ds? = e?*dz? + e 2*dy? + dz>. Note that with this multiplication, we have another plane
preserved by a normal subgroup: R? = {(z,y,0)} < R3. Define a group of isometries as follows: B and C
will be the unit translations in the x and y directions respectively, and v : (z,y, z) — (e®z,e 0y, 2z + to).
(B, C) preserves the (z,y) x {0} plane. Form R3/(B,C,v) = T? x I/ ~ where (z,0) ~ (¥(z),1), and 1 is
the homeomorphism of T2 which descends from the matrix A.

Remarks. 1. NIL C Isom(NIL) and SOL C Isom(SOL).
2. SOL and NIL are different topologically, since NIL has nontrivial center and SOL does not.

3. SOL and NIL are both semi-direct products of R? x R (or, non-isomorphic extensions of R? by R). We
can picture NIL as an extension of R? by R:

0— R — NIL 25 R2 —0

1 0 =z
where the first R & 0 1 0]|z€eR, iscentral, and ¢ is given by
0 0 1
1 =z =z
o0 1 y|]=(y).
0 0 1

In this sense, NIL is “just a twisted version of” the more natural extension
0—R-—E— R*—0.

The final 3-dimensional geometry we consider is a twisted version of H? x R, denoted ngg This arises
from the question of whetehr there is a a twisted version of H? x R as NIL is for E?2 x R. To define it,
first note that SLy(R) is a 3-dimensional, connected Lie group. It is not simply connected, as it contains a
maximal compact subgroup isomorphic to SO(2). We therefore pass to the universal cover of SLa(R); this
is S/VLQ It is a 3-dimensional Lie group, and §VLQ with its left invariant metric is a geometry. It is possible to
construct examples modelled on this, though we do not do so at present.

The following theorem summarizes the 3-dimensional geometries.

Theorem (Thurston). There are exactly eight 3-dimensional geometries; they are:
S*, B, H®,S? x R, H? x R, NIL, SLy, SOL.

Remark. These fall into four categories:
S3, E3, H? all have constant curvature;
5?2 xR arﬁJHQ x R are products;

NIL and SLy are twisted products;

SOL is its own thing.

Remark. Isom(NIL) contains NIL of infinite index, because there is a circle action on NIL by isometries;
that is, there exists C' C Isom(NIL) such that C acts like S* on NIL (cf. Scott’s article). As before, this can
be described in terms of (z,y, z) co-ordinates:

(($>y)’2) = (pg(ai,y),f(x,y,z,ﬁ))

where py is rotation by 6 € [0, 27).
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Figure 1.22: Bundle projection p: E — B

Bundles

Definition. Let E, B be topological spaces and p : E — B be a continuous surjection. Then we say that p
is a bundle projection (see Figure 1.22) if there is a space F' such that for each z € B there is a neighborhood
U containing x and a homeomorphism ¢ : U x F — p~1(U) such that

popy:UXxF —=U

is the projection onto the first factor (see Figure 1.23).

YU
UxF  ——> pY(U)

O

xT

T B

Figure 1.23: The map p o ¢ is projection onto the first factor
In this situation, we call the data (E, B, F,p) a fiber bundle with base B, fiber F', and total space E. We

also say that F fibers over B and write
F—E%B.

Example. If E = B x F' with p the projection to the first factor, then this is called the trivial fiber bundle.

Example. Let M be the Mobius band. Then M is a non-trivial fiber bundle with base S* and fiber I = [0, 1]
(see Figure 1.24).
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Figure 1.24: The Mobius band is an I-bundle over S*

When F is a compact surface, we call E a surface bundle and when F' is homeomorphic to S*, we call E
a circle bundle.
Observe that for 3-manifolds, surfaces bundles have base S' and circle bundles have base a surface.

Example. Take ¥ to be a compact surface. Then ¥ x S is both a surface bundle and a circle bundle.

Example. Again, take ¥ to be a compact surface and let ¢ : ¥ — ¥ be a homeomorphism. Then the

mapping torus
My =% x1/(x,0) ~ (¢(x),1)

is a surface bundle over S'. We call ¢ the monodromy of the bundle.

Definition. Let M be a compact 3-manifold. M is called a Seifert Fibered Space (SFS) is M is virtually a
circle bundle, i.e. M is finitely covered by a circle bundle.

Example. By the Bieberbach theorems, if M is a closed manifold modelled on the Euclidean geometry then
M is finitely covered by T2 and hence a SFS.

Example. Recall that NIL is a central extension
0 — R — NIL — R? — 0.
As we saw before, NIL/H is a circle bundle over T?:
0—7Z— NIL/H — Z* — 0;

using the action of the central Z on R and the Z? action on R2, this can be shown to give a circle bundle
structure on H\NIL.

Example. Let M = H?/T have finite volume. Then M is not a Seifert Fibered Space.

We now return to the proof of Theorem 1.1. In order to prove that all geometric manifold are residually
finite, we make use of the following theorem.

Theorem (Thurston/Perelman). Let M be an orientable, closed, geometric 3 manifold. Then one of the
following holds:

1. M has geometry modelled on S* (i.e. w1 M is finite);
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2. M has geometry modelled on H?;
3. M has geometry modelled on R® and is finitely covered by T3;
4. M has geometry modelled on S? x R and is finitely covered by S% x S!;

5. M is finitely covered by a circle bundle over ¥, where g > 1. In this case, M has geometry modelled
on either H? x R, NIL, or SLy;

6. M has geometry modelled on SOL. Here, M is finitely covered by a torus bundle over S* with hyperbolic
monodromy.

Perelman has proven the following theorem.

Theorem. If M is a closed, irreducible 3 manifold with infinite fundamental group and Z x Z ¢ m M, then
M is hyperbolic.

In the same spirit, we have the following theorem.

Theorem (Thurston). Let M be a compact 3-manifold with non-empty boundary consisting of incompressible
tori. Assume that Int M admits a geometric structure of finite volume, and that m M is not virtually abelian.
Then M is either modelled on H3 or is virtually P x S* for a punctured surface P.

Remark. By the classification theorem above, in order prove residual finiteness of geometric manifolds we
need to understand the fundamental groups of circle bundles. If £ = ¥, X S1 then we have m F = m; Yg Xy St
and the obvious short exact sequence

1=Z—mE—=mX; — 1.
More generally, if E is any circle bundle over 3, (g > 1) then we have the short exact squence
1=Z—=mE—mX; — 1.
with the presentation

mE = (ay,by,...,a4,bg,h | [a;, h] = [bi,h] = 1, ] Jlas, bi] = h°)

where e is a positive integer.
Example. Taking g=e=1, the presentation becomes

(a,b,h | [a,h] = [b,h] = 1,[a,b] = h).
This is the integral Heisenberg groups H seen previously.

Theorem 1.14. Suppose M is closed, orientable, and geometric. Then w1 M is residually finite.

Proof. From before, manifolds modelled on $2,[E2,H?, S? x R, and H? x R are residually finite. So by the
classification theorem above, it suffice to deal with the cases when (1) M is a circle bundle or (2) M is
modelled on SOL.

For (1), first suppose g = 1. Then

mM = {a,b,h | [a,h] = [b,h] =1,]a,b] = h®)
and we see that M is a finite cover of NIL/H. Hence, my M is RF since H is linear. For g > 2, set

'=mM= <a1ab1a .. .,Cl,g,bg,h | [a’iah] = [buh] = laH[a"iabi] = h‘e>
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and observe that I'/(h) = m13,. If g € T but g ¢ (h) then g projects non-trivially into 7134 so, since surface
groups are RF, we can find a finite quotient of 7%, and hence I', not mapping g to the identity. To deal
with (h), we construct a homomorphism ¢ : I' — NIL with ¢(h) # 1. Define ¢ by first setting

1 =z O 1 r O
pla)=10 1 y|, wbi)=10 1 s|, ¢la;))=¢(b;)=1fori>2.
0 0 1 0 0 1
Then we see that
1 0 sx—ry
e(lar,b1]) = [0 1 0 ,
0 0 1

so choosing r, s, x,y so that T' = sx — ry # 0, ¢ can be defined by mapping A~ to the matrix

o O =
o = O
— Oo

We have therefore constructed a well defined homomorphism ¢ : I' — NIL with ¢(h) # 1. Since ¢(I') is a

finitely generated linear group, it is residually finite. This completes the proof when M is a circle bundle.
For (2), when M is a 3-manifold modelled on the SOL geometry, it suffices to consider a finite cover M4

that is a torus bundle over S with hyperbolic monodromy A € SLy(Z). We have the split exact sequence

1—-F— 7T1MA—>Z—>1,

where F' = 7 x Z is the fundamental group of the fiber torus. To prove residual finiteness, let g € T M 4. If
g ¢ F then g projects nontrivially into Z and can therefore be mapped non-trivially into a finite quotient.
So we assume g € F 2 7Z x Z and let n € Z so that

g¢ Hy, =Ker(Z xXZ — Z/nZ x Z/nZ).

Since H,, is characteristic in F', it is normal in 71 M4. Let G = H,.(t), where ¢ projects to the generator
of 7181 2 Z in the above sequence. One then easily verifies that G is the required finite index subgroup of
w1 M 4 that does not contain g, completing the proof. O

Remark. We can also show that Isom(SOL) is linear. To see this, first observe that it is enough to show
that SOL is linear, as [Isom(SOL) : SOL] = 8. Since SOL was described as R? with the multiplication

(a,b,¢) x (x,y,2) = (a+ e x,b+ ey, c+ 2)
we can associate to each (a,b, ¢) the affine transformation

w(a,b,c) (SC, Y, Z) = ((Z, b7 C) + (676':6’ 6Cy7 Z)

This provides an injective homomorphism from SOL to Aff(R?), which embeds into GL4(R) via the map

A b
Ax+b»—>(0 1).

We now return to the proof of Theorem 1.1. By Theorem 1.14, any closed manifold admitting a geometric
structure is residually finite so by the geometrization theorem (version 1) there is a system of incompressible
tori T such that each component of M|T is either hyperbolic, a Seifert fibered space, or has virtually abelian
fundamental group. Note that all of the components of the torus decomposition are residually finite by
previous work.

It remains to show that we can piece together these components to recover the manifold M while pre-
serving residual finiteness. We begin with a warm up that highlights the ideas of the proof.
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Figure 1.25: M contains an incompressible torus 7'

Example: Warm Up. Let M be a closed 3-manifold that contains a single incompressible torus 71" such
that M|T = My Up Ms with My, Ms hyperbolic of finite volume (see Figure 1.25). Set mT = P so that we
have the non-trivial splitting

7T1M = 7T1M1 *p 7T1M2.

Let g € 1M \ 1 and suppose that we can find homomorphisms
91 st M1 — Al,

02 : ’/T1M2 — A2

with Aq, Ay finite groups so that
O1lp = O2|p

(that is, for each o € P, we have 01(a) = 02()). Then we set P = 6;(P) = 02(P) and have the induced
homomorphism B
0 : ™M — A1 *ﬁAQ.

Now, if we could arrange the homomorphism so that (g) # 1, then we can find a finite index subgroup of 71 M
not containing g, therefore proving residual finiteness. To see this, observe that since finite amalgamations
of finite groups are virtually free, and hence residually finite, we can find a map v from A; %5 A; to a finite
group that does not map 6(g) to the identity. Ker 1) o 8 then provides the required finite index subgroup of
w1 M not containing g.

[See Window for proof that finite amalgamations of finite groups are virtually free]

To arrange this situation, we make use of the following two lemmas.

Lemma 1.15. Let M be an orientable, hyperbolic 3-manifold of finite volume with a single cusp. Let T be
the peripheral torus. If g € mi M \ {1}, then for all but finitely many primes p there is a normal subgroup N
of finite index in my M such that

NN 7T1T = Hp

where H, is the characteristic subgroup of 11 M of index p*>. Moreover, if g ¢ mT then g ¢ N.mT.
Proof. Let T'=m M and P C T be m;T. Conjugate I' in PSLy(C) so that P fixes oo, i.e.

pef(t?)sech

Now let g € T'\ P (the proof for g € P is similar), and suppose
_f[a b
9=\e d)-
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Observe that ¢ # 0, since otherwise either g is parabolic and thus contained in P, or g is a hyperbolic element
of T sharing a fixed point with P, both of which provide contradictions. Choose a basis for P = (u, ), where
A is contained the kernel of the map

PIl(T’7 Z) — Hl(M, Z)

[Window: More on half lives half dies]
Let R C C be the ring generated over Z by the entries of the generators of I' and their inverses. We state
the following lemma without proof.

Lemma 1.16. Let R C C be a finitely generated ring. Let aq, ..., a, be nonzero elements of R. Then for all
but finitely many primes p there exist ring homomorphisms 1, : R — Fpn with ¥p(a;) #0 fori=1,...,n.

[For proof, see Window]

From this above lemma, there exist infinitely many primes p and homomorphisms 1, : R — F,, with

Gp(m), Pp(l), 4p(c) # 0

where m and [ are the (1,2) entries of the matrices i and A respectively. For a fixed prime p, this map then
defines
p: I'— SLQ(FPW,)

with p(m)and p(l) elements of order p and p(g) ¢ p(P). This construction would prove the lemma if we
could ensure that
p(P) 2 Z/pZ x Z]pZ.

However, it is possible that p(P) = Z/pZ.To avoid this concern, consider the quotient homomorphism
I — I'*P /torsion = H.

Now let
0:T — H/HP (< (Z/pZ)")

with 6(P) = Z/pZ by construction. Taking
N =Ker(p x 0 : T — SLy(F) x H/HP)
is then the required normal subgroup. O

We can now finish the proof that 7 M is residually finite for M as in our warm up example. Let
g € mM \ {1}. Then we write g in the reduced form
g = glhl . . gnhn

where g; € my My, h; € mMs ,and g;, h; ¢ P for ¢ > 1 (and, as we saw above, there are variations on where
this word begins and ends). If g € P, then for all but finitely many primes p, we have g ¢ H,. Hence the
first part of Lemma 1.15 provides finite index subgroups Ni < w1 M7 and No < w1 My with

NiNP=N,NP=H,.

We then have 0(g) # 1 as required.
If instead g ¢ P, then write g in reduced form as above. By Lemma 1.15, there are finite index subgroups
N1 < M7 and Ny < m My with
91 MMy — A1 = 7T1M1/N1

92 : 7T1M2 — A2 = 7T1M2/N2
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so that 61(g;) ¢ 01(P), 02(h;) ¢ 02(P), and
NyNP=H,=NNP.
We now obtain the desired homomorphism
0:m M — A x5 Ag
with 6(g) # 1 by the final part of Lemma 1.15.
Remark. The key lemma, 1.15, holds for an arbitrary finite volume hyperbolic manifold with cusps.

Proof. Let I' = m; M, where M has cusp tori 11, ...,T, with groups Pi,..., P,. Conjugate I" such that

n={(s 7). )=

Now there exist As,..., A, € SLa(C) such that for each j =2,...,n,

_ 1 my 1 I
arat=((5 ) (6 5)) =,

where \; was constructed to be killed by the inclusion map of the boundary. Let R be the ring generated
over Z by the entries of generators of I' and the entries of A, Aj_l. The first part proceeds as before: let

_f(a b
g - c d 9
with ¢ # 0. Take primes from Lemma 1.16 so that ,(c), ¥p(m;),¥p(l;) # 0. Now we must arrange the
following: fix P € {Py,...,P,}. If g€ myM \ P, then g ¢ N - P. Repeat argument as needed. O

We need to develop some group theory to handle the general case where the set of incompressible tori 7 is
non-empty. If we cut M along T (see Figures 1.26 and 1.27) then each piece is RF, by the above work.

Figure 1.26: M and T Figure 1.27: M cut along T

In order to show that the fundamental group of such an M is RF, we need to use the fundamental group of
a graph of groups (Serre, Bass, Dicks—Dunwoody).
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Gluing two tori of different components together is a free product amalgamation. Gluing two tori together
of the same component is an HNN-extension. More precisely, let G = m N, T and T’ two distinct boundary
components of the same piece. If P,Q C G, peripheral subgroups associated to T, T”, then after gluing T to
T, we get:

G* = (G,t | tpt™" = ¢.(p) Vp € P),

where ¢, : P — @ is an isomorphism.
Definition. A graph Y consists of two sets: V = V(Y'), vertices, and F = E(Y), (oriented) edges, together

with maps E — V x V, e — (o(e),t(e)) (the originating and terminating vertices of €), and E — F, e — €
(reversal of orientation) such that € = e, € # e, t(e) = o(€), and o(e) = t(€).

We usually think in terms of diagrams, for example

{e,e}
o ———— @ or o —> 0
o(e) t(e) €
All graphs will be assumed to be connected, oriented, and finite.

Definition. A graph of groups, G, based on a graph Y, consists of two families of groups {G, | v € V}
and {G. : e € E} such that G, = Ge¢, and a family of group embeddings {f.} with fo : Ge = Gy,
fé . Gé — Go(e)-

Example. Let Y be the graph

e ————> 0
V1 e V2

Then there is one edge group G, = Gz and we have two embeddings from G, into G,, and G,,:

Gy, Gy, .
Ge

Example. Let Y be the graph with one vertex and one edge.

(&

()

[ ]
v

Here we have two embeddings of the only edge group G. = G5 into the only vertex group G,.

G

oo

Ge

Definition. The Path Group, ©(G), is:

r(G) = ( . Gv) « F(B)/N

veV

where F(E) is a free group with basis the elements of F, and N is the normal subgroup generated by the
relations ef.(g)e ! = fz(g) for alle € E and g € G, and e"! =é foralle € E.

28



Example. Take G, =1V v € V. Then, since the maps f. are embeddings, we must have G, =1V e € F.

Then 7(G) = F, the free group on @ generators.

Example. Suppose G, =1V e € E. Then n(G) = <* Gv> x F', where again F is free on ‘ETl generators.
v
To explain the use of the name “Path Group”, consider the following definition. A path v in G of length
n from a vertex v to a vertex w is a sequence (go, €1, g1, - -, €n,gn), where (e1,...,e,) is an edge path in YV

and g; € Gy, for i = 0,1,...,n, where v; = t(e;), 1 =1,2,...,n.

Remark. A path v determines a word v = gpe1 i .. . €,gn in 7(G). We multiply paths by concatenation so
long as terminal vertex and original vertex the paths agree.

Example. Consider the following path in G: v = (go,€1,91,€2,92) with e = €;. This determines v =
goe1g1€192 = goergie; "9z € m(G). Now suppose g1 € fo,(Ge,), i.e. g1 = fe,(h) for some h € G.,. Then
v = goerfe, (h)er g2 = gofe, (h)g2. Here gy € Guy, g2 € Guy = Go(ey) = Guy, f2,(h) € Gy,. Therefore the
path of length 2 collapses to a path of length zero.

Definition. A path v is a reduced path if n =0 and gg # 1, or if n > 0 and g; ¢ fe,(G,,) for each i such
that e;41 = €;.

Remark: Key Properties (Serre).

o If g € m(G), g # 1, then g can be represented by a reduced path.

o If v is a reduced path, then v determines a non-trivial word in 7 (G).
e G, — m(G) is injective.

[See Window for proofs]

Next we have two definitions of the fundamental group of a graph of groups.
Definition. Let vy € V be fixed. Then m (G, vo) is the subgroup of 7(G) where paths begin and end at vg.

Definition. Let 7' C Y be a maximal tree. Note that T is connected, and meets every vertex. Define

(G, T) = 1(G)/{e = 1V t € B(T)).

Exercise. (see Serre.) w(G) — m1(G,T) surjects. This homomorphism, when restricted to 71 (G, vg) gives
an isomorphism.

Now we have the tools to complete the proof of Theorem 1.1. At this point, M is closed, orientable,
irreducible, and the collection of tori 7 # 0.

Let I' = myM. Suppose that M \ 7 has pieces {N;}, where each Nj; is either hyperbolic or a Seifert
fibered space (see Figure 1.28). Let {73} be the boundary tori. Associate to M a graph Y = Y, where
vertices V(Y') correspond to the pieces {N;}, and edges E(Y") correspond to the edges between N; and N,
if ON; and ON}, have a common boundary torus (and a loop based at N; if two distinct boundary tori are
identified). Thus we have a bijecton between the tori of 7 and the edges of Y. This associates to M a graph
of groups G with vertices {G, = m1 N;} and edges {G. = m1T;}, together with G. = Gz and the maps fe, fz
as before.

Exercise. Show that Van Kampen’s Theorem implies that I' 2 71 (G).

We want to show I is residually finite. We have already shown all the G, are residually finite. Now we
use the following lemma:
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Figure 1.28: The graph Y, associated to M

Lemma 1.17. Let M be a compact, orientable 3-manifold which is either a Seifert fibered space or such that
Int M is hyperbolic of finite volume. LetTh,...,T,, be the torus boundary components of M. If g € my M\ {1},
then for all but finitely many primes p, there exists a finite index normal subgroup N <@ M such that
NnmT; = H,, where H, is the characteristic subgroup defined above. IfT € {T1,...,T,} and g € mM\mT,
then g ¢ N -mT.

Proof. We have already done the case when Int M is hyperbolic. Consider the case when M = P x S!, where
P is a punctured surface. So m;M = 71 P X Z. Let (h) generate Z, and ¢ be the projection

p:mM/{h) — m P.

Each boundary component of M has the form {puncture} x S!. Fix attention on one such T'C M. Then
m1(T) = (o, h) C m1 M (see Figure 1.29). Suppose that g € myM \ mT. Then ¢(g) =¢' € m P\ (o).

To prove the lemma, it suffices to show there exists a finite index normal subgroup N <1 w1 P such that
N N {a) has index p in (a), and ¢’ ¢ N - (). Viewing 71 P as a subgroup of SLy(R), we run through the
same argument as in the hyperbolic case. O

We now use this lemma to complete the proof of Theorem 1.1. Let g € I' \ {1}. Use Lemma 1.17 to
define a homomorphism 6 : T — 71 (G), where all the vertex groups and edge groups are finite.

Remark: Key Fact. Such a m1(G) is virtually free (Stallings, Swan, Serre). Therefore 71(G) is residually
finite, so if (g) # 1, then I is residually finite, and we are done. To achieve this goal, represent g by a
reduced path (using I' = m1(G)), 9 = (g0, €1,915- -+ €ny gn)s gi € Go, = m1(N;). Using Lemma 1.17, for each
g; there exists 0; : Gy, = G, /D;, where D; is the normal subgroup given by the lemma. Furthermore, the
0;’s agree on any common edge group. This determines a new graph of groups G (where everything is finite).
Hence, by construction we can define § : T' — 711G, where 0(g) = (0o(g0),e1,01(91); - - - €n, 0n(gn)).

By the remark above, to show that 8(g) # 1 it suffices to show:
Claim. 0(g) is reduced.

Proof. If n =0, g = go. Lemma 1.17 shows that 0(g) = 6y(go) # 1. If n > 0, then there exists an 7 such that
0:(g:) € 0(G,), that is, g; € D, - G.,, a contradiction to Lemma 1.17. This completes the proof of Theorem
1.1. O
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Figure 1.29: M = P x S*. Here ;T = (o, h) C m M

Remarks. Let M be a closed, orientable irreducible 3-manifold with infinite 7;. Assume that either M is
geometric, but not modelled on H3, or that 7 is nonempty. Then there exists a finite cover M; — M with
first betti number by (M) > 0.

Proof. If M is geometric, then M is modelled on E3, NIL, SL, , H2 x R, or SOL. Of these, E? is covered
by the 3-torus 7°3; NIL is covered by a T?-bundle; H? x R and SOL are covered by S'-bundles over a closed
genus g surface X4, g > 2; and SOL is virtually a T2-bundle. In each case, the listed finite cover M; has
by (M;) > 0. If T is nonempty, then the proof of Theorem 1.1 gives a surjection mM — G, where G is
virtually free, so by (M7) > 0. O

Furthermore, for ng, H? x R, we have_ﬁnite covers with m My — F5. This is also true when 7 # (). We
can arrange that mM — F» using graphs G from the proof of Theorem 1.1 (this is Luecke’s Thesis).
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2 Topology of Finite Sheeted Covers

The standing assumption for this section will be to let M be a closed, connected, orientable, irreducible
3-manifold. Such a manifold M is called Haken if M contains an incompressible surface. By the assumption
that M is irreducible, it is assumed that such an incompressible surface has positive genus.

Haken manifolds come in two different flavors: vanilla and Belgian raspberry chocolate truffle. The former
consists of the cases when the incompressible surface ¥ is separating, and the latter of the cases when X is
non-separating. When ¥ is non-separating, then by (M) > 0. This is an exercise in Poincaré duality. The
surface ¥ represents a nontrivial class in Hy(M;Z), so there exists a nontrivial class in Hy(M;Z), which is
found by considering a 1-cycle in M which intersects ¥ only once. By Poincaré duality

Hy(M;Z) = H'(M;Z) = Hom(H,(M;Z),Z).
In summary:

Lemma 2.1. For any n-manifold M and any submanifold ¥ C M of codimension 1, the class [3] € H,,_1(M)
is trivial if and only if ¥ separates M .

In dimension three, the converse to the above lemma also holds.

Proposition 2.2. Let M? be as above (closed, connected, orientable, and irreducible) and assume by (M) > 0.
Then M contains an incompressible non-separating surface.

Proof. Let ¢ : mM — H{(M;Z) — Z be an epimorphism. Then we can realize ¢ as follows (using the
asphericity of M): there exists a continuous map f : M — S with f, = ¢. Let xo be a generic regular
value of f such that f~!(x¢) = F is an embedded orientable (possibly disconnected) surface in M. Since
¢ is onto, there exists a simple closed curve v C M such that ¢([y]) = 2, where z is a generator of m(S%).
Then by construction, the intersection number [7] - [F] =1, so [7] - [Fy] = 1 for some component Fy C F.

If Fy is incompressible, then we are done. If it is compressible, then, using the Loop Theorem, we can
compress it along some embedded disk D C M with D N Fy = 0D to form F{. Then, for some component
Fy C Fy we still have [v] - [Fy] = 1.

Again, if F} is incompressible, we are done. If it is not, then we can repeat this process, eventually
arriving at some F}, which is incompressible and non-separating with [vy] - [F}] = 1. O

Definition. For any 3-manifold M as above, the virtual first Betti number of M is given by
vb1 (M) = sup{b1(X) : X — M is a finite sheeted covering of M}.
A group G is called large if it contains a subgroup H of finite index which surjects onto a free group.

With the above two terms in hand, we can now state what may be considered to be the biggest open
problem in 3-manifold topology.

Conjecture. (Main Open Problems in 3-manifold topology)

Let M be as above, and assume 71 M is infinite. Then,
(A) M is virtually Haken;
(B) vbi (M) > 0;
(C) vbi (M) = o0
(D) m M is large.
Remarks. 1. By the work above, Conjecture (B) implies Conjecture (A). In fact,
(D) = (C) = (B) = (A).
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2. If M is modelled on E3, then vby (M) = 3, since M is finitely covered by T3.
3. If M is modelled on NIL, then vb; (M) = 2. If M is modelled on S? x R, or on SOL, then vby (M) = 1.

4. If M is modelled on H? x R, or on éi/g, then m M is large, since M is virtually a circle bundle over a
surface of genus g > 2.

5. If M is hyperbolic, then the conjectures are open in general.

Theorem 2.3. Let M be as above, with |m1 M| = co. Assume that M is not hyperbolic. Then vby (M) > 0,
and either

(i) M is modeled on E3, SOL, NIL, or S? x R and vb; (M) < 3; or
(i) m M is large.

Proof. By geometrization, if M is not hyperbolic, then either M is geometric and we are done by the remarks
above, or (recalling the notation used in the proof of Theorem 1.1) M contains a nonempty collection 7 of
irreducible tori. In that proof, we constructed (many) epimorphisms ¢ : 711 M — 71(G), where G is a graph
of groups with all the vertex groups finite. As we saw in the proof (*** or in a window***), 71 (G) is virtually
free, so vby (M) > 0.

However, we have a problem if 71 (G) is virtually Z. Recall that the vertex groups had the form PSLy(F,,) x
(H/HP), where H was the free part of (w1 M)*. In the proof, the edge groups always had the form
Z/pZ x Z]pZ. The image of a peripheral subgroup of the fundamental group of a piece of M\T in PSLo(Z)
is Z/pZ, and the index of this subgroup is much bigger than 2. Also, the image of the edge groups in the
vertex groups was larger than 2.

With this in mind, one way to finish the proof is to apply the following theorem. O

Theorem (Serre, Stallings). 7 (@ is virtually 7 if and only if either w1 (G) contains a finite normal subgroup
N such that m(G)/N 2 Z or m1(G) =2 Ax¢c B, where [A: C]=[B:C]=2.

Separability

Let G be a group. Given a subgroup H < G, G is called H-separable if for all g € G\H there exists a
homomorphism ¢ : G — A, where A is a finite group and ¢(g) € p(H). A group G is called subgroup
separable or LERF (locally extended residually finite if G is H-separable for all finitely generated H < G. If
H is taken to be the trivial subgroup, this definition matches that of RF. The “locally extended” refers only
to finitely generated subgroups, as infinitely generated subgroups need not in general be separable.

In parallel with the reformulations equivalent to residual finiteness, we see that the condition of H-
separability is equivalent to the following two conditions:

(i) for all g € G\ H, there exists a finite index subgroup K < G such that H < K and g ¢ K; and
(ii) ﬂ K = H, where [G : K] < .
H<K<G

Theorem 2.4. Let M be a compact 3-manifold, and let A < m1 M be a maximal abelian subgroup. Then
m M is A-separable.

Proof. Let T' = myM. Then, by Theorem 1.1, T' is residually finite. Let {N;} be a family of finite index
normal subgroups in I" with (| N; = 1.

Claim. AN, = A.
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This claim proves the theorem since (), .o K C (JAN; = A, where K < G is finite index. To prove the
claim, let g € (N AN; and let a € A. Consider gag=ta~'. Since g € AN; for all i, g = xn; with 2 € A and
n; € N;. So

gag~ta™t = (zny)a(zn;) taT! = xngan; et = angnla T,
since A is abelian and N; is normal. It follows that gag~'a~! € Nj; for all 4, which implies that gag—'a=' = 1.
Thus, g and a commute, and (g, A) is abelian. Since A was maximal abelian, g € A, so [|AN; = A. O

A particular case of the above theorem occurs when A < 71 M is the fundamental group of a peripheral
torus, i.e., T? C OM. The following proposition says that m M is peripherally separable.

Proposition 2.5. Let M be a compact 3-manifold, and ¥ C OM some incompressible surface of genus
g>1. LetTI'=m M and H = mX. Then I is H-separable.

This follows from Theorem 1.1 and the next lemma, since the double of M over 3, which has G xgyg G as
its fundamental group, is residually finite.

Figure 2.1: M doubled along X

Lemma 2.6. Let G be a group and H < G a subgroup. If Gxg G is residually finite, then G is H-separable.

This proof is due to Long, upon whose gravestone it is rumored it will be written: “Long was a man of
involutions.”

Proof. Let I' = G xg G. Note that I' admits an involution 7 : I' — I" by “flipping” the left and right copies
of G. The fixed point set of 7 is Fix(7) = H (by the theory of amalgamated products). Let ¢ € G\ H, so
7(g) # g. Then g7(g~') #1 in I'. Since I is residually finite, there exists a finite quotient of T', ¢ : ' — A,
such that ¢(g7(g)~!) # 1 in A. Thus, ¢(g) # ¢(7(g)).

Now define @ : ' - A x A by ®(v) = (¢(7), ¢(7(7))). Then ®(H) = (¢(H),p(H)), the diagonal, but
D(g9) = (p(g),p(7(g))) € P(H), so G is H-separable by the restriction of ® to G. O

Note that if a group G is LERF, then any subgroup H < G is also LERF. Additionally (but not so
trivially), groups containing LERF groups as finite index subgroups are LERF.

Lemma 2.7. Let K be a group, and G < K a finite indezx subgroup. If G is LERF, then so is K.

Proof. By the preceding remark, we may assume that G <1 K, since the core of G in K is finite index in
G and normal in K. Let p : K — K/G be the quotient map, let S C K be finitely generated, and pick
ke K\S. Let K1 = p~(p(S)). If k ¢ K1, we are done since K7 is finite index in K, so we assume k € Kj.

Then k = gs for some g € G and s € S with g € GN.S. Since S is finitely generated and G N .S has finite
index in S, we have that S NG is a finitely generated subgroup of G. Since G is LERF, there exists Gy < G
of finite index with g & Go. Let G = (o Ga2s™ .

Note that SNG < Gy and SNG <18, 50 SNG < 5Gys™! for all s € S. Thus, SNG < G3. Since G < K,
sGas™! < G of finite index for each s € S. Therefore, G3 < G is finite index (see Figure 2.2).

Let K5 = (G3,S). Since S normalizes G3, K3 = G5 - S.
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Figure 2.2: The groups in the proof of Lemma 2.7

Claim. [K : K3] < c0.
To see that the claim is true, consider the second isomorphism theorem:

Ky _Gs-S _ 8

Gs  Gs  G3nS’

Since S/S NG is finite, [K : G3] < 00, so [K : K3] < 0.

Since S < K3, we are done if k ¢ K3. If k € K3, then gs € K3, so gs € K3, hence g € K3 since S < Kj.
But g = gpsp for some gy € G3 and sy € S, so sg € G, hence sg € GN S. Since G NS < G3, this implies
that sg € G3, so g € G3, which is a contradiction. O

Next, we note that LERF is more powerful than residually finite.

Definition. For any groups G and A, we say that A is involved in G if there exists a finite index subgroup
H < G such that H surjects onto A.

Lemma 2.8. Let G be LERF, and assume that F» < G. Then all finite groups are involved in G.

Proof. Let A be a finite group, let the subgroup H of G be free, and suppose ¢ : H — A is a surjection.
Denote by K the Kernel of . We assume the following result, which is left to the reader.

Exercise. There exists a finite index subgroup G; < G such that G N H = K.

G

\

G1 G

Go

)

K =Ker ¢
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Let Gy = ﬂ hG1h~!. From the exercise, we have that K < G4, and we see that hKh~' = K, so

heH

K < Gy with [G : G2] < co. Consider G5 = (G2, H) = G2 - H. Then, again by the second isomorphism
theorem,

Gs _Gy-H _ H _H

Gs o ™ ~L oy
G, H HNGs, K

O

We now examine a class of groups which are not LERF. Mennicke and Bass—Milnor—Serre showed that
SL,,(Z) has the congruence subgroup property, i.e., any finite index subgroup I' < SL,,(Z) contains a principal
congruence subgroup I'(m) = Ker(SL,,(Z) — SL,,(Z/mZ)).

Theorem 2.9. Forn >3, SL,(Z) is not LERF.

Proof. By the above lemma, and the observation that SL,,(Z) contains a copy of Fs, it suffices to show that
not all finite groups are involved in SL,,(Z) for n > 3. Suppose that SL,,(Z) is LERF. Then every finite group
is involved in it, so a subgroup I'¢ surjects onto G for all finite groups G. Since SL,(Z) has the congruence
subgroup property, K = Ker 6 contains I'(m) for some m.

SLn(Z)

f.i.

I'a G

We next employ the fact that for a prime p and a fixed n, if 4; is a quotient of a subgroup of SL,, (F},),
then N > (21 —6)/3. So we can choose G = Ay, for a very large [. If m = p, then we are done. If not, there
there is a little more to be said.

If m = pi™ - p"r, then

SLn(Z/mZ) = ﬁ SL.(Z )yl Z).

We next see that the kernel of the map SL,(Z/p;'Z) — SL,(Z/p;Z) is a p-group, hence nilpotent. The
remaining steps are left as an exercise. O

We now return to 3-manifolds. Scott proved that the fundamental group of a Seifert-fibered space is
LERF and that if M is modelled on SOL, then 7 M is LERF. These two facts together show that non-
hyperbolic geometric manifolds are LERF. However, there do exists non-compact 3-manifolds that are not
LERF.

Example. Let M = M, be a punctured torus bundle over the circle (see Figure 2.3) with monodromy

11
7=\0 1
to this example (Burns, Karrass—Solitar).

. Then 7 M, is not LERF. Every known 3-manifold that is not LERF is related in some fashion

Conjecture. If M is hyperbolic and 71 M is finitely generated, then m M is LERF.
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7\ (piy b

Figure 2.3: The punctured torus bundle over the circle with monodromy ¢

Now, let X be a “reasonable topological space,” suited for the theory of universal covering spaces, so
that m X = G acts properly discontinuously on the universal cover X. Let H < G. Then G is H-separable
if and only if for all compact subsets C' C X /H, there exists a finite sheeted cover X of X such that C
projects homeomorphically into X¢ (see Figure 2.4).

X

X/H

/\

finite

N

Figure 2.4: C projects homeomorphically to the finite-sheeted cover X¢

The proof of this is an exercise to be included in the notes.

Corollary 2.10. Let M be a closed, orientable, irreducible 3-manifold, and suppose that f : X4 & M is the
topological inclusion of a genus g > 1 surface into M with f. : m13y — mM injective. Let I' = mM and
F = f.(mZXy). IfT is F-separable, then M is virtually Haken.

Proof. We can use Scott’s topological reformulation of subgroup separability to pass to a finite cover N of
M which corresponds to F. By the Scott Core Theorem, there exists a compact submanifold C C N such
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that i, : mC — m N (or m1X,) is an isomorphism. Therefore, there exists a finite cover M¢c — M such that
C projects homeomorphically (see Figure 2.5). Thus, M¢ contains an embedded incompressible surface. [

/— N

Mc

finite

N
STO)

Figure 2.5: C projects homeomorphically to the finite-sheeted cover M¢

Remarks. 1. Given Geometrization, the above is of most interest when M is hyperbolic.

2. Recent work of Kahn-Markovic implies that surface subgroups f : ¥4>1 9 M exist for M hyperbolic.
Thus, at present the task is to separate these surface groups.

Example. Let M = M, be a surface bundle over S', and F the fiber group. Then I' = m(M,,) is F-
separable.

Proof. From the bundle we see the short exact sequence
1—F—>I —>27Z—1,

where I' = (F, ¢ | relations). So given v € I' \ F', we have v = t" f. Consider the maps
r %z 2% 7/mi.

We can compose ¢ with some ¢,, so that p,,¢(v) # 1. O

Totally geodesic surfaces

Definition. Let M = H?/T" closed, orientable. Assume that f : 3 & M is as above. Then X (or f(3)) is
totally geodesic if the preimage of ¥ in H? consists of genuine hyperbolic planes, i.e., consists of planes and
hemispheres in H? with the restriction of the hyperbolic metric (See Figure 2.6).

Equivalently, since PSLy(C) acts transitively on the set of circles/straight lines in (C, Y is totally geodesic
if and only if F' is Fuchsian (i.e., conjugate to a discrete subgroup of PSLs(R)).

Let T' O F (as above) and F Fuchsian. F preserves a circle (or straight line) in C, say 4. Consider
H = Hy = Stab(€¢,T)={yeT 1% =%¢}.
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Figure 2.6: The preimage of X consists of totally geodesic planes in H?

Example. PSLy(Z) C PSL2(Z][i]), and Stab(R) C PSL2(Z[i]) includes

i 0
=6 %)

which acts on C via z — —z. Thus § flips components of C \ R.

The stabilizer group H could contain elements that act by reversing orientation on the hyperbolic plane
H, and so H could be a discrete group of isometries with 7{/H a (totally geodesic) non-orientable surface.

Theorem 2.11 (Long). In the notation above
(1) T is H-separable;
(2) M is virtually Haken.

Proof. Assume (1) holds. If H corresponds to a Fuchsian group, then we can apply Corollary 2.10 to get
virtually Haken. If H is not Fuchsian, by the topological reformulation of H-separability, there exists a finite
cover N — M for which N contains an embedded, totally geodesic, non-orientable surface. By HW3 Q5,
M is virtually Haken.

To prove (1), conjugate I" so that F' leaves invariant R U {oo} (i.e., FF < PSLy(R)). Similarly, H leaves
invariant this RU {co}. Let v € I'\ H and let ¢ denote complex conjugation. Consider the matrix v — c();
since v ¢ PSLy(R), there is some entry which is not 0. Let = be such an entry and R be the ring generated
by 1, the entries of generators of I' and their conjugates. As before, there exists a maximal ideal M such
that x ¢ M. Let

7m: T — PSLy(R/M).

Define
®: T — PSLy(R/M) x PSLa(R/ M)

by ®(0) = (7(d), 7(c(d)). Note that ®(H) = (w(H),n(H)), but ®(v) # ®(H), by choice of M. O

Theorem 2.12. Let M be a closed, orientable, irreducible 3-manifold and f : ¥ % M which is w1 -injective.

Let ;M =T and F = f.(mX). Suppose that ¥ is not a virtual fiber; that is, there exists no finite cover
N — M such that 3 is a fiber of N. If I is F-separable, then I' is large.
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Proof. Since T is F-separable, there exists a finite cover N —s M for which F lifts to an embedding f (see

below). Thus, N is Haken.
N
/|
M

Y —

f

Let I'y = 71 N. We have two cases:
Case 1: X is separating, i.e., I'1 = A xp B (see Figure 2.7).

Y

Figure 2.7: X separates N

Claim. [A: F],[B: F] cannot both be 2.

Proof. If [A: F] = [B: F] = 2, then F is normal in both A and B, and so F <T';. Moreover, A/F =~ B/F =
Z/27Z.. We then have
o:Ty — Z/2Z x7./27

with Ker ¢ = F' (by HW 3). Hence there exists I's < 'y such that 'y — Z with kernel F'.
[Window: Stallings’ work implies that ¥ is a fiber in a fibration over S

This is contrary to the hypothesis. Therefore at least one of [A : F|,[B: F] > 3. O
Claim. Assume [A: F] > 3. Then there exist a1, a2 € A\F (not necessarily distinct) such that aiaz € A\ F.

Proof. Uses elementary group theory. Suppose for the sake of contradiction that aa’ € FVa,a’ € A\ F. Fix
a coset decomposition
A=FUaqn FUaFU---Ua.FU---,

choose a; and consider aj_laiF. Then aj_lal-F = F implies that a;F = a;F, and then A = F U a;F,
contradicting [A : F| > 3. O

Now, I" being F-separable implies that 'y is F-separable and so we can find ¢ : ' — G, for a finite group
G. Using the second claim above, there exist a1, as € A\ F such that ¢(a1) ¢ o(F), p(az2) ¢ ¢(F), p(araz) ¢
¢(F), and for some b € B\ F, ¢(b) ¢ ¢(F). Now let A = p(A),B = ¢(B),F = ¢(F). Hence we obtain
®: Ty — Axg B. To get largeness one needs to check that [A: F] > 3.

Claim. [A: F] > 3.

Proof. If [A : F] = 2 then A = F U@ F,a; = ¢(a1). Then p(aiaz) = @ay ¢ @(F) = F. Therefore
aias € a1 F, which implies @y € F, a contradiction. O
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‘ cut along ¥

Figure 2.8: ¥ does not separate N

Case 2: ¥ is non-separating (see Figure 2.8).

Let W denote N cut open along ¥, and notice that FF < A = m (W) < 71 (N) = TI';. Since ¥ is not a
fiber, W # ¥ x I, and so A # F. Since I' is F-separable, I'; is F-separable, and so if a € A\ F' we can find
¢ : Ty — G, for some finite group G, such that ¢(a) ¢ ¢(F).

r——"r—sa

A = Ker ¢

v

ANA #

A

¢(A)

FNA

Let A = Ker¢ and consider the finite cover Mo — N corresponding to A. This induces a covering
Wa — W (see Figure 2.9).

Since ¢(A) # @(F), the number of components in the preimage of ¥ in Wa is greater than 1. Now
construct a cover Ma from copies of Wa (see Figure 2.10).

Then if S1,S5 are two components of the preimage of ¥, then Ma \ (S1 U S3) is connected. We may
therefore apply HW3 Q1 to reach the desired conclusion. O

Remark. Case 1 can be reduced to Case 2 by similar argument. One can construct a cover of N for which
by > 0.

Note that I' being F-separable (for F' a surface group) implies that F' is contained in infenitely many
subgroups of finite index in T'.
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Figure 2.9: The cover Wx

Figure 2.10: The cover Ma of Wa

Theorem 2.13 (Jaco). Let M be a closed, orientable, irreducible 3-manifold. Let f : ¥g>1 — M be
w1 -ingective with F' = f.(m1(Xy)) < T = m(M). Assume F is contained in infinitely many subgroups of T'
of finite index. Then M is virtually Haken.

Proof. O

Corollary 2.14. Let M = H?/T" be closed and orientable. Let f : ¥, — M be m-injective and F =
fe(m1(Zy)). Suppose that for some prime p, the rank tk(Hy(M;F,)) > 2g + 2. Then Mis virtually Haken.

Proof. Let S be the set of subgroups A < I' satisfying
(1) [I': A] < oo
(2) rk(H1(A;Fp)) = rk(H: (H?/A;F,)) > 29 +2;
(3) F < A.

If we can show § is infinite, then Theorem 2.13 applies. Note that S # @) because I' € S. To show that S is
infinite, we will show that if A € S, then there exists D g A of finite index with D € S.

Definition. Let G be a finitely generated group. The mod p lower central series of G is defined as follows:
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Gy = G;
G, =[G,G] - GP;
Git1 =[G, G, - GY.
We have G/G1 = H,(G;F)p), and G;/G,11 is an elementary abelian p-group.
Now let A € S and consider D = F - A. We have [A : D] < co. Note that
oA — AJA = (Z/pL),

for some r > 2g + 2. Now ¢(F) does not surject, and so D = ¢~ 1p(F) is a proper subgroup of finite index.
We are done if D satisfies the following condition on Hj.

Claim. rk(H1(D;Fp)) > 4g+1 (> 29 +2).
Lemma 2.15.

(1) Let T be a finitely generated group and E < T be generated by n elements. Then

n(n—1)

I‘k(Hl (EFl,IE‘p)) 2 rk(Fl/FQ) — 9 3

(2) Let M be as in Corollary 2.14. Let r = tk(H1(T';Fp)) = rtk(H1(M;F,)). Then
1

k(T /Ty) > §r(r —1).
We apply these inequalities to D = F.A;.
(1) implies
(I, (D5 ) > k(A1 /As) — 229(2 1)
(2) implies
tk(H,(D;Fp)) > %(29 +2)(2g +11) — %2g(2g —1)=4g+1.
This proves the Claim, and hence Corollary 2.14. O

We next aim to show:

Theorem 2.16. There exist closed, orientable (resp. finite volume, orientable) hyperbolic 3-manifolds H? /T
for which T is LERF.

Notation and Terminology:
By a Kleinian group, we mean a discrete subgroup of PSLy(C).

Let T" be a Kleinian group. Denote by Ar C C the limit set of I'; that is, Ar is the collection of
accumulation points of I'-orbits in H®. Let € H? be any point, consider those y = lim ;x, for 7; € T
This is also the closure of set of fixed points of elements of infinite order in I'. See Homework 3 for
properties of Ar.

The set Qp = C \ Ar is called the domain of discontinuity of T'. It may be that Qr = 0.

Define C(Ar) to be the convez hull of A in H? UC = HB; that is, C(Ar) is the intersection of all convex
subsets of H3 that contain A. In a slight abuse of notation, we also think of C'(Ar) C H?. From Lemma
2.17 below, C(Ar) is I'-invariant, and thus we may form C(Ar)/T' C H?/T, which is called the convez
core.
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Lemma 2.17. The convex hull of A, C(Ar), is T-invariant.
Proof. Tf S C H3 is convex, then v(S) is convex (y € T'). Hence if Ar C S, Ar = yAr C 7(S). O

Examples. 1. Given a Fuchsian group I' < PSLy(R) C PSL(C) with H2/T closed, then Apr = RU {oo},
and C(Ar) = H2, the z-z plane (see Figure 2.11). In this case, H?/T' = C(Ar)/T is a surface inside
H3T.

Figure 2.11: T < PSLy(R) acts on the z-z plane H? C H?

2. Let F < T = m M3 and F be a fiber group. Then we have Ap = C, C(Ap) = H?, and C(Ap)/F =
H3/F.

Definition. A Kleinian group I' < PSLy(C) is called geometrically finite if for all £ > 0,
Vol (N, (C(Ar)/T)) < oo

where N. denotes the regular e-neighborhood. Otherwise, I" is called geometrically infinite.

N:(C(Ar)/T)

Figure 2.12: The convex core C(Ar)/T C H?T

Definition. Let I' < Isom(H?). The group I is called GFERF if T is H-separable for all geometrically finite
subgroups H < T.

Remark. Since geometrical finiteness is preserved by subgroups and supergroups of finite index, the same
is true of GFERF.
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Theorem 2.18. Let P C H? be a polyhedron in H? of finite volume, all of whose dihedral angles are 5. Let
G(P) be the group generated by reflections in the faces of P. Then G(P) is GFERF.

Corollary 2.19. IfT' < G(P) of finite index, then I' is GFERF.

Example. Lobell manifolds, L(n) for n > 5. Consider a polyhedron with two n-gon faces and 2n pentagonal
faces arranged as follows (see Figure 2.13).

Figure 2.13: The Lébell polyhedron L(8) with Hamiltonian cycle

Consider the group G(P) generated by reflections in this polyhedron. The index 2 orientation-preserving
subgroup corresponds to a 2-fold cover which is a link in S? labeled by 2’s; the double cover of this is a link
complement.

Exercise. Let I' be RF, H < T a finite subgroup. Then I' is H-separable.

Idea of Proof of 2.18: Let I' = G(P), where P is compact, and H < I" some geometrically finite subgroup.
Let X be a compact subset of C(Ay)/H. There exists a compact X3 C C(Ag) such that the image of
X1 under the natural projection p (see Figure 2.14) is X in C'(Ay)/H. Furthermore, let F be the set of
hyperplanes in H? that arise as I'-images of the hyperplanes spanned by the faces of P.

e

Figure 2.14: X; projects to X

Take Y to be the intersection of all closed half-spaces that contain C'(Ag) in their interior and such that
their bounding hyperplane lies in F. We see that Y is convex, and note Y is H-invariant (this is because
if U is half-space that contributes to Y, then with U D C(Ag), hU D hC(Ag) = C(Agn)). Now set K(Y)

45



to be the group generated by reflections in faces of Y. The group K (Y) is discrete, and Y is a fundamental

polyhedron for its action. Note that H normalizes K(Y). Let K1 = (K(Y),H) = K(Y).H. Consider
H3/K, =Y /H, which yields:

Claim. Y /H is compact (resp. finite volume).

Warm-up Case for Theorem 2.18

We will consider an all-right pentagon, P, with edges {ei,...,e5} in H2. Let I' = G(P), H be a finitely
generated subgroup of I', ¢ = C(Ag), and X C H?/H be compact. Note that C'/H is compact (as H
contains no parabolic isometries, because P is compact), so N.(C/H) is compact. Thus there exists ¢t > 0
such that every point of X is within ¢ of N.(C/H). Now set CT to be the 10t neighborhood of C' in H?2.
Note C™ is still convex and H-invariant (for z € Ct, d(hz,C) = d(hz,hC) = d(z,C) < 10t for h € H).
Moreover, C* projects into H?/H to give a larger compact set containing X.

H2

Figure 2.15: The compact set X C H?/H

Now, following the Idea of Proof of 2.18, set F to be the set of hyperplanes (geodesic lines) in H? that arise
as I'-images of the hyperplanes spanned by the edges e; of P, and Y to be the intersection of all closed
half-spaces that contain C'T in their interior and with boundary in F. We get

Claim. Y /H is compact; that is, Y /H involves finitely many P-tiles.

Remarks. First, note that Y is the smallest convex union of pentagons that contains CV is its interior;
furthermore, if there exists a hyperplane W € F such that W separates a P-tile from C¥, then this P-tile
cannot lie in Y (faces of such meet C*) (see Figure 2.16). The idea is that P-tiles sufficiently far from C*
do not lie in Y.

Second, with K; = (K(Y), H), where K (Y) is group generated by reflections in Y, we have H?/K; =Y /H.
Thus the claim implies [I" : K7] < oo, yielding the required result.

Example. Consider H cyclic, P* a P-tile far from CT (How far? See Lemma 2.20, below), let a be the
closest point of P* to C*, p a point of C* closest to a, v the geodesic between a and p, W), be the support
plane to CT at p, and W, € F be the plane containing a (see Figure 2.17). Then W, and W, are geodesics
meeting v at right angles and W, N W, = 0; thus we have separated P* from C'* using an element of F.
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Figure 2.16: The plane W separates C* from a P-tile

Figure 2.17: C7 is separated from P*

Remark. Consider what is different in E?; with G the group generated by unit translations in the coordinate
axes, and the cyclic group H < G generated by h(z,y) = (z + 1,y), what is the smallest convex union of
unit squares covering a line?

Lemma 2.20. Let L be a line in H? and z € H?\ L. Then there exists a constant K such that for x € H?\ L
where d(z,L) > K, the angle o = a(x, L) (that is, the angle subtended by L at x) satisfies o < 7 /4.

Proof. From hyperbolic geometry (see Beardon’s book), cosh(d(x,y))sin(a/2) = 1, where y € L such that
the geodesic from x to y is orthogonal to L. Now solve for K.
O

With the Example and Lemma 2.20 in mind, back to an arbitrary finitely generated H.

For g € P and v € T, if 7y is such that P* = vP, then set * = yxg; we refer to these x*’s as basepoints
for the P-tiles. For every support plane W, for C*, there is a K so that a(z, W,) < 7/4 when d(z, W,) > K
and x € H? \ W, so set T'=r + K, where r = sup {d(x¢, 2) : z € OP}.

Claim. No P-tile with a basepoint outside Np(C™T) lies in Y.

Proof. Suppose this is not the case, so assume P* is a tile whose basepoint lies outside Ny(CT) and con-
tributes to Y. Since P* meet Ct, there is some plane F; € F which contains a face of P* that meets C'7.
Let F be a hyperplane in F containing a face of P* that meets I in a vertex a. We have d(z*,CT) > T,
by assumption. Since d(z*,a) < r, d(a,Ct) > K. Now let p be the point on C* closest to a, and W), be
the supporting hyperplane containing p (see Figure 2.19).
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H2

Figure 2.18: « is the angle subtended by L at x

FNW, =0. Note: With d(a,p’) > K for p’ € W), the angle subtended by W, at a is less than /4.
However, angle of F} and F at a is 7/2. So F' cannot intersect W),.

F

Figure 2.19: F does not intersect W),

We now turn to the 3-dimensional hyperbolic space H? as stated in the theorem.

Proof of 2.18. If P is a compact polyhedron, we will see that the argument proceeds as before. If H C G(P)
is geometrically finite, we again construct an H-invariant set CT. The key claim is that if Y is the tiling
hull, then Y /H consists of finitely many tiles.

Firstly, let P be compact, i.e. all vertices lie in the interior of H3. If P* is a distant tile, let a* be a point
of P* closest to Ct. Then let p be a point of CT closest to a*. If a* lies in the interior of a face, then the
picture we have is as above: there is a plane separating P* from C*. However, it could be that a* lies in a
lower-dimensional face. In this case, since all dihedral angles are equal to 7, the geodesic v must make an
angle close to § with one of the faces. Then the process worls as above.
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Now suppose P contains an ideal vertex. Set I' = G(P), and let H < T' be geometrically finite. Now H
may or may not have parabolic elements; if not, then the convex core is compact, and we proceed as before;
if so, then C'(H®/H) is more complicated.

Consider the groups Stab,(H) = {h € H | h(p) = p} for a given parabolic fixed point p. If all these
groups are virtually isomorphic to Z x Z, then it is not difficult to see that only finitely many tiles are
involved in the construction. Since Stab,(H) is of maximal rank, we have [Stab,(T') : Stab,(H)] is finite.
Arrange p to be at oo in the upper half-space model for H?. Then P and some finite number of copies covers
that part of C(Ap)/H. This, combined with the previous argument, implies the finiteness required.

Finally, more is required to deal with the case that for some p, Stab,(H) is virtually isomorphic to Z,
although one can show that this can be reduced to the previous case. O

We have shown that there exist hyperbolic 3-manifolds which are GFERF. However, Theorem 2.16
claimed that there exist examples which are LERF. That is, as well as geometrically finite subgroups, we
need to seperate finitely generated geometrically infinite subgroups. The key point here is that if T" is of
finite covolume and H < I is finitely generated and geometrically infinite, then H = m F' for a surface F’
of finite type, and F is virtually a fiber or a fibration over S'. (This uses the solution to the Tameness
Conjecture, and work of Canary. The Tameness Conjecture roughly states that the ends of H?/H are tame;
i.e. they are topologically F' x [0,00) for a closed surface F'.)

Given this background, the idea runs as follows. Firstly, work of Bonahon shows that if the cocompact
subgroup H < T is a surface group, then H3/H is tame. Thurston showed that there exists a sequence of
“nice” (pleated) surfaces that exit the two ends. Thurston also showed that the space of pleated surfaces

Y H3/H 5,

M

Figure 2.20: 3; and 35 descend to surfaces homotopic to X

is compact, and one can find two surfaces ¥; and ¥ in H®/H which are far apart in H3/H and close (i.e.
homotopic) in M (see Figure 2.20), i.e. there exists a covering translation t € m M taking X1 to Xa. It then
follows that (H,t) is a bundle with fiber F, and m F = H.

As a consequence of the above, in order to prove that if M2 is hyperbolic, and either closed or of finite
volume, then m M3 is LERF, it suffices to prove it is GFERF.

Remarks. 1. The “all-right technology” outlined above works in some higher dimensions to prove the
existence of lattices that are GFERF. Are these always LERF?

2. The same technology proves that the Bianchi groups PSLo(0,) are GFERF, where Oy C Q(v/—d) is
the ring of integers. To prove this, it is shown that for each d, there exists a finite index subgroup
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'y < PSL2(O4) such that T'y can be embedded in G(P), where P C HO is a totally geodesic ideal
polyhedron.

The all-right technology also shows the following.

Corollary 2.21. Let P C H? be a finite volume polyhedron, all of whose dihedral angles are 5. Let H < G(P)
be geometrically finite. Then H is a virtual retract, i.e. there exists a finite index subgroup T'y < G(P) such
that the following diagram commutes.

FH ——H

A
H

Proof. As in the proofs of 2.16 and 2.18, given H, we build a group K =T'y = <K(?), H> = K(Y).H, where
K(Y) is the group generated by reflections in the faces of Y. Importantly, we have that Y is a fundamental
polyhedron for the action of K(Y'), and by the second isomorphism theorem,

'y H

KY) KY)nH

The claim is that K(Y)NH = 1. The K(Y)-images of Y tessellate H3, but Y contains C(Ay) in its interior,
and this is H-invariant. O

We conclude the discussion of Theorem 2.18 by making some comments on the proof in the case where
P has an ideal vertex. Let W = {z* : 2* is a basepoint of a P-tile in Y'}. We have the following:

Claim. If H is geometrically finite, then the number of orbits of W under H is finite.

Proof. Recall that there exists a constant 7' > 0 such that W C Np(C™T). If we assume there are infinitely
many orbits, what does this assumption mean?

To obtain an answer, observe that an alternative equivalent reformulation of geometrical finiteness (GF)
is that C(Ag)/H decomposes as a union of a compact manifold and a finite disjoint union of cusp neighbor-
hoods. These cusp neighborhoods are projections of horoballs By, (p) for p a parabolic fixed point. Moreover,
n can be chosen so that B, (p) N B,(¢) = 0 if p # g and so that B, (p) N gB,(p) # 0 implies g € Stab, H.

Now we can say that the above assumption means the following. We can subsequence the z* to get a
sequence z;, with the property that “z; — p” for some parabolic fixed point p, where x;, — p means there
exists e, > 0 with 2}, € Bc (p) for all but a finite number of z, (see Figure 2.21). Let P,, = vn, (P) be
the P-tiles associated to xj, .

B, (p) xr

@

p

Figure 2.21: The subsequence z,, goes to p

Exercise. There exists a face F),, of P,, such that F},, does not contain p, i.e. if 7,, is the reflection in
F,, then 7,, (p) # p.



C

Figure 2.22: d is the distance from x}, to the horosphere 0B, (o)

We normalize so that p = 0o, and fix &,,. Then for sufficiently large k, the horoball B, (co) meets every
face of P,,. We can measure the distance d from z;, to 0B, (00) (see Figure 2.22). As z};, — p, then
d — o00. Let r be the supremum of the distances to the faces of P. If d > 0 then we exceed 7, so we meet
every face. Consequently 7, , the reflection in F,, takes some points of B, (c0) C B,(o0) to points in
B, (00), but 7,, ¢ Stab,H, so we reached a contradiction.

O

Recall the following property of LERF: Suppose I" is LERF and H < T is finitely generated. Let A be
a finite group. The LERF condition implies that there exists I'yy < I' of finite index and a homomorphism
O : Ty — A such that Oy = 6:

r
'y
o 3
H——

Definition. We say a group I' has the local extension property for a class of subgroups € if for any H € ¢
and 0 : H - A, for A finite, there exists a finite index subgroup I'y < I with 'y D H and a surjective map
©:Ty »AwithO|g =0. If H <T,let &/ = {K <T: K is of finite index, H C K}. We introduce the

notation
H = (] K
Keof

Theorem 2.22. Let M = H3/T" be a closed, orientable, hyperbolic 3-manifold. Suppose that T' has the
local extension property for geometrically finite subgroups H and homomorphisms H — Z/27Z. Then any
geometrically finite subgroup H is almost separable (i.e. [H* : H| < oo]). In particular, if H is a surface
group, then M 1is virtually Haken.

Proof. We begin with the following;:

Claim (1). There exists an infinite cyclic subgroup C of T such that (H,C) =2 HxC and H*C' is geometrically
finite.
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Given Claim 1 and the hypothesis, we have

0

N

H+«C——C——=17Z/27.
Clearly H C Ker 6, and 6 extends to © : V — Z/2Z, where [I' : V] < 0o and O|g.c = 0, and so H < Ker 0.
Therefore H is engulfed in a proper subgroup of finite index in I'.

Claim (2). IfT has the engulfing property for all geometrically finite subgroups, then [H* : H| < co for all
geometrically finite subgroups.

This will prove Theorem 2.22. To prove Claim 2, it suffices to prove
Claim (2/). AH* = AH

Given this Claim, we have C(Ag«) = C(Ag) and we get a covering map from N.(C(Ag)/H) (of finite
volume by hypothesis) to N.(C(Ag)/H™*). Hence the index is finite. O

Proof of Claims 1 and 2. Let v € PSLa(C) be hyperbolic with fixed points 0y = {ay,a_}. Let Uy be open
neighborhoods of ax with Uy NU_ = (. Say (Uy,U_) is absorbing for v if

(a) for any p € SZ\U-, v(p) € Uy;
(b) for any p € SS\U+, v~ '(p) € U-.

D" T

Figure 2.23: a4 is the attracting fixed point of v; a_ is the repelling fixed point

Note that for any disjoint U, ,U_ as above, they will be absorbing for * for some large k. Since H < T
is geometrically finite, Ay C S2..

Exercise. There exists v € I' such that dv does not lie on Ag.
Exercise. (H,v*) = H x (y*) for large k.
The following theorem finishes the proof of Claim 2’. O

Theorem 2.23. Let M = H3/T be as in Theorem 2.22. Suppose that T' has the engulfing property for all
geometrically finite subgroups. Then for all finitely generated subgroups H, A+« = Ap.

Definition. We say A < T is engulfed if there exists K < T of (non-trivial) finite index, such that A C K.

Proof. Let H < T be finitely generated. If Ay = S% then Agx- = S2, so we can assume that H is

geometrically finite. Assume that Ay C Ag«. Let T’ be generated by {y1,...,7}. As before, we can find
B1,...,Bn € H* such that:

1. the fixed points 98; lie in Ag+ \ Ag;
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Figure 2.24: The U; and V; are neighborhoods of the feet of the axes Ag,

2. 0B; # O; for any i, j, and 9B; € S2, \ Ay = Qp, the domain of discontinuity.

Let C' C Qg be a compact set such that 9; lies in the interior of C'. Since H acts discontinuously on Qy,
there exist only a finite number of elements hq, ..., hy € H such that h;C N C # (. By residual finiteness,
there exists N < H of finite index such that h; ¢ N fori=1,...,m.

Exercise. There exists t € N (independent of the elements) such that if g € H*, g' € N*.

Thus, by powering, we can assume that 8; € N*. Let U;, V; be disjoint open neighborhoods of 93; such
that:

1. U, V; C Int(O);

2. U; UV is disjoint from U, UV, for 1 <i #t < n;

3. v U; U~;V; is disjoint from U; UV (see Figure 2.24).
By powering the (U;, V;) can be made absorbing for j;.
Claim (1). Let @; = B;vif;i. Then (U;,V;) is absorbing for ¢;

Proof of Claim 1. Let p € §*\ V;. Then ¢;(p) = BiviBi(p) € Bivi(Ui). By (3), %:U; is disjoint from V;.
Applying 8;, we get ¢;(p) € U;, hence the absorbing property for £;. O

The key point that finishes the proof of Theorem 2.23 is the following:

Claim (2). Let A= (N,¢1,...,0n). Let X =U;UV; U...UU,UV,.Then Ay = (S2\C)U X C S%.
Given this, we can apply the engulfing hypothesis to A, so there exists K < I' of finite index such that

K D A. Hence K D N. The fact that [T' : K| < oo implies that K D N*; but then from f1,...,8, € N*, it

follows that ~1,...,7v, € K. Consequently, K = I'. This contradiction finishes the proof of the theorem. [

Proof of Claim 2. The limit set A4 is determined by orbits of points z € S2%. We will consider the orbit
of a point p € C'\ X under the action of A. If w is a non-trivial word in A, then w = ny f1 - - - n f; where
n; € N and f; € (p1,...,¢n) with n;, f; # 1 apart from possibly n; and f;. Assume f; # 1. By the
absorbing property for ¢;’s we see that points in S2 \ X are moved into U; UV; U...UU, UV,. Hence
filp) e U1 UVLU...UU, UV, C C and n,fi(p) € ny(C), which is disjoint from C. By the above, f;_1n:fi(p)
is moved back into Uy UV U...UU, UV,. Continuing in this fashion, we can conclude that the image of a
point is moved out of C' or into Uy U...UU,, i.e. only accumulation points lie in X. O

Exercise. Run this argument for negatively curved (resp. quasi-convex) groups.
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Another application of extensions:

Theorem 2.24. Let T' be a group. Then T' is RF if and only if for all cyclic subgroups C < T there is at
least one nontrivial extension of C — Z/kZ to a finite index subgroup of .

Proof. Assuming the extension property, let g € T'\ {1}. Then (g) is a cyclic subgroup. Then there exists

¢ : (g) = (g) / {g*) that extends to V 4 ZJKZ, [T : V] < co. Then Ker % has finite index in T and g ¢ ker 3.
For the converse, let C = (g),g # 1. Since I" is RF, there exists a normal subgroup of finite index N in
I such that g ¢ N. Consider N - (g). We have

Nig) o (9) o
NS S

for some k > 1. Then (g) — (g) / (¢*) is the requiring map extending upwards. O

We next mention an application of Jaco’s result (Theorem 2.13).

Let Q = H3/T be a closed orientable hyperbolic 3-orbifold, i.e. ' contains non-trivial elements of finite
order. Finite subgroups of PSLy(C) are well understood. These are:

e Cyclic;
e Dihedral;
o Ay, Sy, As.

H3/T is topologically a 3-manifold, but the geometry has singular points. Let |@Q| be the underlying 3-
manifold.

Example. The exterior of a knot K in S can be used as the basis for constructing a 3-orbifold. Instead
of considering the 3-manifold which is the complement S\ K, let K be the locus of singular points for the
orbifold @. We specify the cone angle along K by labelling K with an integer m which represents an angle

of 2Z along K (see Figure 2.25).
>zx
\—/ m

Figure 2.25: The orbifold with cone angle %” along the figure-eight knot

In general, we can take as our singular locus a trivalent graph, as long as the labels at a vertex respect
some rules which reflect the limited list of finite subgroups of PSLy(C) (see Figure 2.26).

Fact: Let N denote the normal closure in I' of the elliptic elements. Then 71 (|Q|) = T'/N.

Theorem 2.25. Let Q) be as above, and assume that w1 (|Q|) is infinite. Suppose that Q contains an essential
2-orbifold > with |X| =2 S? or T?. If M is a 3-manifold commensurable with Q, then M is virtually Haken.

In this setting, saying ¥ C @ is an essential 2-orbifold means that there exists F' C " with F' = Fj, where
Fy is a Fuchsian group with H?/Fy & .
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Figure 2.26: An orbifold with singular locus a trivalent graph

Proof. Let the orbifold group of 3, F C T, be as above. Let ¢ : I' = I'/N = 71 (|Q|) where N is the normal
closure of the elliptic elements. Note that 71(]Q]) is infinite and RF.
Case 1: || = 52,
In this case, F' is generated by elliptic elements. Hence o(F) = 1. If Ty < T is torsion free and of finite
index, then Fy = FNTY is a surface group of genus g > 2. Moreover, ¢(Fp) = 1. By RF, Fj is contained in
infinitely many subgroups of finite index. Hence H?/T'y and M are virtually Haken.
Case 2: |¥| = T2
In this case, ¢(F') is abelian.

(Window) Finitely generated abelian subgroups of 71 (M?) are 1,Z,Z®Z, Z/nZ, Z.& (Z/27) and Z3. [See
Hempel’s 3-manifolds]

In our case, m(|Q|) cannot be Z* and Z & (Z/27Z) is ruled out by orientability. The key observation is
that abelian subgroups are separable, and so we can run the argument in case 1. O
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3 Non-Compact, Finite Volume, Hyperbolic 3-Manifolds
In this section M = H3/T" will be a non-compact, finite volume, orientable hyperbolic 3-manifold. In an
abuse of notation, M will denote both the compact manifold with boundary and also its interior. Previously,

we have see that “half lives, half dies” gives us a lower bound on b; (M) when M has boundary. Namely, we
know that by (0M)/2 < by(M). This immediately tells us that b; (M) > 0, and we can prove even more.

H3/T

9

Figure 3.1: H3/T has finitely many finite volume cusps

Theorem 3.1. Let M be as above, then vby (M) = co.

Proof. The idea of the proof is to find finite covers, M,,, of M where the number of boundary components
becomes arbitrarily large. Henceforth, we will denote the number of boundary component of M,, by |0M,].
In order to complete the proof we will need the following lemma

Lemma 3.2. Let M be as above, then M has a finite cover N where |[ON| > 3.

We prove Lemma 3.2 below. Using Lemma 3.2, we can assume that |[O0M| > 3. Let P C OM be a
boundary component and let O-M = M \ P. Consider the inclusion ¢ : M — M, which induces
Lyt H(O-M) — H(M).

Exercise. If we let K = Ker ¢,, then “half lives, half dies” gives us that rkg(K) > 29" _p, (p).

Thus we see that K has rank at least 1, and so we let « be a non-trivial, primitive element of K. The
cycle « gives rise to an embedded, non-separating surface S C M such that [0S] = a. The surface S also
has the property that it is disjoint from P. The intersection pairing with S gives a surjection from mq (M)
to Z, and reducing mod n gives us a family of maps ¢, : m (M) — Z/nZ.

Pn

N

M ——7Z——=7/nZ

Let M, be the cover of M corresponding to the kernel of ¢,,. Since P is disjoint from S we see that P lifts
to all of these covers and that |0M,,| > n. Applying “half lives, half dies” completes the proof.

Proof of Lemma 8.2. Let T be a boundary component of M, let € I' \ m;T be a hyperbolic element, and
let m € 7T\ 1. Since z* has the same fixed point set as x for k& # 0 and the fixed point set of z is disjoint
from the fixed point set of 7,7, we know that 2% ¢ m,T for any k # 0. Next, let y = [22,m], and observe
that by the previous comment on fixed points that y # 1. By residual finiteness we know that there exists a
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P

Figure 3.2: The surface S C M is embedded and non-separating, with [05] = «

surjection ¢ : I' = G where |G| < 0o and ¢(y) # 1. The proof will be completed by showing that the cover
corresponding to the kernel of ¢ has at least three boundary components.

Let M, be the aforementioned cover and suppose for contradiction that |0M,| < 2, then by covering
space theory we know that |G : p(mT)| < 2. By index considerations we know that ¢(2?) = ¢(z)? is
contained in ¢(mT). Since ¢(mT) is abelian we have that ¢(y) = ¢([z%,m]) = [p(2?), ¢(m)] = 1, which is
a contradiction. O

O

Now that we know that vb;(m) = oo, a natural question is whether it also has large fundamental group.
In the presence of boundary the answer is yes.

Theorem 3.3. Let M be as above. Then w1 M 1is large.

Proof. Start by replacing M by a finite cover with at least 3 boundary components, which we will still call
M. Let M, be the cyclic n-fold cover of M given in the proof of Theorem 3.1 and let Sy, S1,...S,-1 be
the lifts of S to M,,. Let F,, = So U S},,/2), and observe that since the topology of F}, is independent of n
that by (F),) is bounded independent of n. Next, let AL and A2 be the compact 3-manifolds components
of M, \ F,. Since the number of boundary components becomes arbitrarily large we see that as n — oo,
b1 (A7) — oo for j =1,2.

Next, let 9p(A%) = 0(AL) \ F,. Let ¢, : H1(0o(A%)) — Hy(A%) be the map induced by inclusion and
let K = Kert,. Another application of “half lives, half dies” combined with the previous comments about
the growth of betti numbers allows us to construct non-separating embedded surfaces, W,! and W2, in A}
and A2 respectively, that are disjoint from F), (see Figure 3.3). Finally, since the union of W} and W2 are
non-separating we can apply homework 3.1 to get a retraction to a wedge of circles and conclude that m (M)
is large. O

Remark. The statement of HW3 Q1 has the hypothesis incompressible, but in the context of the above
proof, it suffices to be properly embedded.

Remark. Cooper-Long—Reid use the ideas above to show the following.

Theorem. If M is as above, then there exists a closed surface ¥ of genus g > 2 and a map f: X > M such
that f. :m X — m M is injective.

57



lifts of P

Figure 3.3: The surfaces Sp and Sjn together separate M,

The proof follows the plan outlined in the proof above, but instead of finite cyclic covers, it takes the
infinite cyclic cover (see Figure 3.4).

Here X = M\ N(S), My, = Uiooo X,; where each piece X; is homeomorphic to X. Denote by Y,, the
union |J7_, X; of n pieces. We construct a closed surface G,, C Y,, by joining two preimages of S by annuli,
as shown in Figure 3.4. The idea now is that when one tries to compress away G, in Mg, one finds that,
for sufficiently large n, the torus preimages of P preclude this.

Let X be the image of GG,, under the projection map. We note that the representation p : m3 — PSLsC
carries an accidental parabolic element (see Figure 3.5). This is a typical feature of such constructions, as
the following theorem demonstrates.

Theorem (Menasco). Let L C S3 be an alternating, hyperbolic link. Then any closed embedded incompress-
ible surface carries an accidental parabolic that maps to a meridian.

Exercise. (for knot theorists) Find a surface in 817 with an accidental parabolic.

If M is a finite volume, hyperbolic 3-manifold and ¥ C M is a mi-injective surface of genus at least 2,
then one of two things can happen:

1. ¥ has accidental parabolics;
2. The image of m (X) in 71 (M) is quasi-fuchsian (its limit set is a Jordan curve).

This dichotomy prompts the following conjecture by Menasco and Reid:

Conjecture. (Menasco—Reid) Let K C S be hyperbolic, then S?\ K does not contain any closed, embedded,
totally geodesic surfaces.

Here is a slightly stronger version.
Conjecture. There exist knots K such that S3\ K contains a separating, totally geodesic, embedded

surface.
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M

Figure 3.4: The surface G,, is two copies of S connected by annuli

There do, however, exist non-separating totally geodesic surfaces, which we construct as follows.

Example. We will construct totally geodesic Seifert surfaces of some knots by using rigid sub 2-orbifolds.
Let p, g, be positive integers with p < ¢ < r (it is possible that r = o0), and let A(p, ¢,7) be the group
generated by reflections in the faces of a hyperbolic triangle with angles 2?”, 27”, 27” (if » = oo then the
triangle will have an ideal vertex). Next, let T be the index 2 subgroup of orientation preserving elements of
A(p,q,r). The group I'(p, ¢, ) has a presentation given by (a,b | a? = b% = (ab)” = 1) (when r = oo the third
relation is omitted). If we insist that the quotient has finite coarea then the triangle group A(p, g, o0) can
be represented in PSLy(C) in one way up to conjugation. By conjugating we can choose our representation

p such that
A1 uw 0
ar— (0 )\_1) ,b— <S ,u—l) ,

where A + A™! = 2cos(2%) and p + p~! = 2005(27”). In order for this representation to be discrete,

P

oM

3 = Image of G,

Figure 3.5: The required surface X is the projection of G,
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faithful, and finite coarea we need ab to be parabolic (i.e. tr?p(ab) = 4). A simple computation shows that
tr(ab) = A+ s+ A"1u~L. Since there are only finitely many primitive pth and gth roots of unity, we see
that only finitely many (in fact only one) s can solve tr?p(ab) = 4. The goal is now to build 3-orbifolds with
rigid sub 2-orbifolds that are covered by S® \ K. For more details see [Neumann-Reid] in Math Annalen.

Exercise. If I' C SLo(C) and tr(y) € R for each 4 € " then I' is conjugate into either SLy(R) or SU3(C).
Hence, A(p, g, ) is always Fuchsian.

One way to look at the above examples is to find or construct 3-orbifolds with rigid sub-2-orbifolds and
which cover knot complements S? \ K.

Q

Figure 3.6: The curve J is the boundary of a disk D which meets C' in two points

Let Q denote the orbifold with base space S% and singular locus as shown in Figure 3.6. Let D be the
disk bounded by the curve J. Then D meets the unknotted component C' in two points. We label both
C and J with an integer p > 3, giving a (p, p, 00) sub-orbifold of Q. Taking the p-fold cover of @ which
unbranches C' gives the pretzel knot given in Figure 3.7; here the disk D lifts to the pictured Seifert surface.

Figure 3.7: D lifts to a Seifert surface

When we have both p > 3 and n > 3, these knots are hyperbolic. Hence, the respective surfaces are
totally geodesic.

Previously, we have seen that if X has at least three boundary components then we could find a non-
separating surface, S, that connected two of the boundary components and missed a third. Furthermore,
we used S to construct cyclic covers X,,, dual to S, that contained a pair of surfaces whose union was non-
separating, which in turn proved that 71(X) was large. These ideas can be used in certain cases to prove
that certain closed 3-orbifolds are large.
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Let X be M\ L, where L is a link with at least 3 components and let @ be the orbifold with underlying
space M and singular locus L with labels n where n is a positive integer. There exists a surjection 1 :
T (X) — 7"(Q) given by killing the subgroup normally generated by the nth powers of the meridians of
L. Additionally, since X C @ we can extend each of the X, to a @, so that @, is an n-fold cyclic cover
of Q. For large values of n we have seen that we can find a map 71(X,,) = Z % Z. There is also a natural
map from Z x Z to Z/nZ x Z/nZ given by killing the normal closure of the generators of each factor. Call
the composition of these two maps ¢,. When n > 3, Z/nZ x Z/nZ is large, and so if we could find ¢,, such

that @, o ¥ = ¢, then we would have shown that @ is large.

Pn
mXn YAY/ Z/nZ7 x7/nZ
7S

\\ ,
v
P ﬂ.(l)ern -~ %

Exercise. Let ui, o, . .., p be the meridians of X and verify that ((u7, p3, ..., up)) < Ker ¢,. Show why
this implies that (,, exists.

Using this argument we have the following applications.

Theorem 3.4. Let Q = H?/T be an orbifold with singular locus a link L. C M with at least 3 components,
and each meridian of L has order n in I'. Then for large n, T is large.

Theorem 3.5. Let K be a hyperbolic knot and m > 2 be an integer. Then for all sufficiently large n, the
mn-fold cyclic branched cover of S® branched over K is large.

Definition. Given a knot complement M = S\ K and an integer k € N, the k-fold cyclic branched cover
of M is obtained as follows: let p be a meridian of K. Consider the k-fold cyclic cover M), corresponding to
the group <uk> Then perform Dehn filling on the meridian p* of M.

Before starting the proof of Theorem 3.5 we will discuss covers of 52 branched over knots. One way to
define such a cover is to start by taking n-fold cyclic cover of S3\ K. By performing (1,0) Dehn filling on
the boundary, we get the n-fold cover of S3 branched over K.

Alternatively, We can let @) be the orbifold with base space S® and singular locus K labelled with n.
There is a unique normal subgroup, H, of 7¢"*(Q) such that 7¢"%(Q)/H = Z/nZ. The cover corresponding
to this subgroup is the n-fold cover of S branched over K.

Proof of Theorem 8.5. The proof will rely on the following consequence of the Orbifold Theorem.

Theorem. The k-fold cover of S® branched over a hyperbolic knot, K, is hyperbolic when k > 3 unless K
is the figure eight knot, in which case k must be at least 4. Furthermore, when k = 3, the 3-fold cover of S®
branched over the figure eight knot is Euclidean.

Given the previous result Theorem 3.5 follows from the following.

Proposition 3.6. Let M be a compact, orientable manifold, K C M be a knot, and let m be a positive
integer. Let Q(K,m) be the orbifold with base space M and singular locus K labelled with m. If there exists
¢ m(Q(K,m)) - H where |H| < oo such that |H : p(([K]))| > 3m, then for all sufficiently large n,
79" (Q(K, mn)) is large.

The following Lemma tells us that under certain circumstances we can guarantee the existence of such
homomorphisms.

Lemma 3.7. If " is Kleinian and of finite covolume or a 3-dimensional Fuclidean orbifold group, then a
homomorphism as in Proposition 3.6 always exists.
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Proof of Proposition 3.6. First note that Ker ¢ determines a finite cover @ of Q(K,m). The hypothesis on
the index gives that the preimage L C @ of K has at least 3 components. We further note that there exists
a cover Q(K,mn) — Q(K,m), branched over K, from which we get a corresponding cover @, — Q.

Q @n

-

Now notice that the singular locus of é has label ¢ > 1, and so Theorem 3.4 yields that if nis taken to be

sufficiently large, then 79™(Q,,) is large. Hence, 7™ (Q(K,mn)) is large for such n. O

Proof of Lemma 3.7. We start with the case that @ = H?3/I for a finite covolume Kleinian group I'. We will
prove the following claim.

Claim. Given any g € T'\ {1}, and integer N > 1, there exists a map ¢ : I' = G, with |G| < oo, such that
(G : {p(g))] = N.

We make use of the following theorem. Recall that a field & is called a number field if [k : Q] < oco.
Theorem 3.8. The group I' < PSLy(C) can be conjugated into PSLa(k), where k is a number field.

We defer the proof, and use this result to prove Lemma 3.7. We assume we have conjugated I' to lie
inside PSLy (k). Let Ry denote the ring of algebraic integer in k. Recall [Window] that every ideal I C Ry
can be expressed as a product I = Py*...P% where P; C R is a prime ideal, and a; € N. Consider an
b
d
exists a prime ideal P of Ry such that P|(x). We can find a finite collection S of prime ideals of Ry such
that I' < PSLy(Rk[S]), where Ry[S] denotes the ring with those ideals in S inverted. Now the prime ideals
of Ry, which do not belong to S define prime ideals of Ri[S]. For P ¢ S, we can define the natural reduction
map

arbitrary element € I'. One of the entries could have some non-trivial denominator x, i.e. there

PSLy(Ri[S]) 2 PSLy(Rk[S]/P) = PSLy(F,).

By density theory for prime in number fields, there exist infinitely many prime ideals P C Ry such that
Ry /P = F,. Such P are called split primes. Hence, we have infinitely many reduction homomorphisms
¢p : I' = PSLy(F,), where we assume p # 2. Then (p,(g)) is a cyclic subgroup of PSLy(F,). Note
2
-1
that [PSLo(F,)| = 22" =1
H < PSLy(F,), then:

. Furthermore, the structure theory for subgroups of PSLy(IF,) says that, if

+1
1. H is cyclic of order p, or cyclic of order n dividing pT;
2. H is dihedral of order 2n, with n as above;

—1
3. H is a semi-direct product of a cyclic group of order p and cyclic group of order pT; or

4. H = Ay, 84, As.

2 _

1
In case 1, (pp(g)) has index at least L . So, choosing p so that this index is at least N, we would be

done.

Claim. ¢, surjects for infinitely many prime ideals P.
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Proof of Claim. Suppose ¢, does not surject for the prime ideal P. I' is not solvable, so let us choose
a € I'\ {1} lying very deep in the solvability series for I'. Suppose also that ¢,(g), ¢p(a) # 1 under
reduction via P. Since homomorphisms preserve solvability series, and ¢, (a) # 1, we see that ¢,(I') cannot
be any group in 1, 2, or 3 above, or be isomorphic to A4 or Sy. Hence, we can assume that o(I") & A5. But
then, since I is finite generated, infinitely many kernels Ker ¢, coincide. Thus there exist elements of I' that
are trivial under infinitely many reduction homomorphisms. This is a contradiction, since every ideal has
finitely many prime divisors. O

We now turn to the general Kleinian group case. Suppose I' is a non-elementary, finitely generated
Kleinian group, with Q@ = H3/T. If T' < PSLy(k) for a number field k, we may argue as above. If not,
T" could be geometrically infinite; in this case, Thurston’s Hyperbolization Theorem gives a Kleinian group
I 2 T such that IV is geometrically finite. Then Deformation theory (using circle packings, cf. Brooks)
produces a finite covolume Kleinian group A and a subgroup I'” < A such that I/ = TV =< T O

Proof of Theorem 3.8. We will abuse notation and work in SLo(k). It suffices to prove the theorem for I’
torsion-free: if I' has torsion, it has a torsion-free subgroup of finite index, so each v € I' has the property
that vV € PSLy(k) for some N, so the entries of v are algebraic. We think of I' embedded inside SLy(C).
Let the representation variety of I' be

Hom(T',SLy(C)) ={p | p: T' = SLy(C) is a homomorphism}.

Fix a generating set I' = (71, ...,7,). Then, for each i, write
U 7} bi
p(,YZ) - A’L - <Ci dz) )
where each entry belongs to C, and a;d; —b;c; = 1. Let Ry = ... = R,,, = 1 denote the relations of I'. Evalu-
ating R;(A1,...,A,) =1, for each j =1,...,m, determines polynomial equations in the entries a;, b;, ¢;, d;;

that is, Hom(I', SL2(C)) is an algebraic set. Conjugate I" and consider the subset of representatives where

e A fixes 0 and oo, s0 by =¢; =0, and A; = (Cz)l ;)’
1

e A, fixes 1, so Ay = (? 22> with as 4+ by = ¢ + ds.
2 a2

In addition, the manifold H3/T" may have cusps Ci,...,C; which determine conjugacy classes of parabolic
subgroups (u;, v;) = Z®Z. To deal with this, we insist the representations satisfy tr?(u;)—4 = 0, tr?(v;) —4 =
0, and u;v; = v;u;. Let V(T') be this subset of Hom(I", SLy(C)) (or, more precisely, the component of V(T")
containing the identity). Note that at present, everything is defined over Q.

Claim. dim(V(T')) = 0.

Exercise. if V' is an algebraic variety, define over a number field k, and dim(V) = 0, then V is a point, and
its coordinates are algebraic numbers.

Proof of Claim. We use rigidity. Suppose that dim(V(I")) > 0. Local rigidity (Weil, Garland) tells us that
for p € V(T') sufficiently close to the identity, p is an isomorphism and p(I") has finite covolume. Now,
by Mostow rigidity, we know that p(I') is conjugate to I'; that is, there exists a g € Isom(H?®) such that
gp(T)g~! =T. Then the fixed-point normalization which we imposed on A; and A, gives only finitely many
possibilities. O]

O

We can use the above conjugation of I' into some PSLa(k) to get an invariant of H?/T.
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Definition. Define the trace field Q(trI') of I to be the extension Q(tr~y | v € I').

The above discussion shows that Q(trI') is a number field, and by Mostow rigidity, it is an invariant of
T, and hence of the manifold H3/T". Note that Q(trI') ¢ R, since the quotient has finite volume.

Question. Which number fields k (¢ R) arise as Q(tr ') for I' Kleinian of finite covolume?
Conjecture. Every such number field k does arise in this way.

Example 1. Let K be the figure-eight knot. Then S®\ K = H?3/T", where I' C PSLy(Z[w]) is generated by

1 1 1 0
= (61
and w?+w+1 = 0. Here Z[w] C Q(+/—3) is the ring of integers, and so in this case we have Q(trI') = Q(+/—3).

Example 2. Let d be a square-free positive integer and let O 4 be the ring of integers in Q(v/—d). Then the
Bianchi groups PSLy(Oy) are all Kleinian groups of finite covolume, with trace fields Q(v/—d).

Example 3. Let My be the Weeks manifold, described as the Dehn filling of the Whitehead link given
in Figure 3.8. This is known to be the smallest volume hyperbolic 3-manifold (with volume approximately
0.9427...). We have Hy(Mw) 2 Z/57 & Z/57Z.

N[Ot

>

= [SA

Figure 3.8: The Weeks manifold My,

Let p : mMw — PSLs(C) be a faithful discrete representation. It is possible to show (for example via
SnapPea) that
m My = <a,b | a2b2a2b71ab71,a2b2a*1ba*1b2>.

Consider an arbitrary representation p : w3 My — SLo(C) where we conjugate so that

s = (5 ) =(2 %)

We are only interested in such representations that are irreducible. Taking the first relation and evaluating
z2fz+y2713y2

= . Now, taking this value for r and reworking
Y

on p(a), p(b), we find that assuming r # 0, then r =
the first relation gives p(z,y) = 0 where

p(z,y) =14+ 22 +y? — zy® + 22y® + oyt + 22yt
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Now take the second relation and evaluate at p(a), p(b) (with r as above). We get that (z —y)(—1+2y) =0,
1

from which we conclude that either x =y or 2 = +. Setting x = y gives a polynomial for 2 and we get that
p(z) = 28 + 22% — 23 + 222 + 1. Now, setting z = z + 271, the trace of p(a), then z satisfies 23 — 2z — 1 = 0.
One also finds that r = 2 — z. Note that the real root of z> — z — 1 = 0, which is approximately 1.32,
is inadmissible. We invoke the key fact that for two-generator groups, Q(trI') = Q(tra,trb, tr ab); that
is, every trace tr+ is a polynomial in tra, trb and trab with coefficients in Z. Using this, we find that

Q(trI'yy) = Q(2) for z a complex root of 2% — z — 1.

Example 4. Recall from earlier the Seifert-Weber dodecahedral space H?/T's. In this case, it turns out

that Q(trT's) = Q (\/—1 — 2\6).

Before we proceed, we note that one way of producing orbifolds with more complicated trace fields is as
follows. Each Bianchi group PSL2(O4) contains the modular group PSLy(Z). Thus we see the inclusion

M =H?/PSLy(Z) % H?/PSLy(04) = Qa.

By the LERF property, and passage to a finite-sheeted cover @, if necessary, we can suppose that the
modular surface M is embedded and non-separating in Q. Then if d # d’, cutting along M in @, and
Q! results in two orbifolds with boundary components M which can be identified (see Figure 3.9). If the

Qg
cut along M M
M

Qa

Figure 3.9: The construction of new orbifolds out of Bianchi orbifolds

resulting space is X = H?/T, then one can show that Q(trI') = Q(v/—d, v —d’).
We now return to the discussion of surfaces contained in hyperbolic 3-manifolds.
Theorem 3.9. There are closed hyperbolic 3-manifolds without totally geodesic surfaces.

Proof. We aim to show that the Weeks manifold My, above has no such surface. In fact, we will demonstrate
that 'y has no purely hyperbolic elements. Let My, = H?/T'y and assume for the sake of contradiction
that v € 'y is purely hyperbolic; that is, try € R and |try| > 2. We know from Example 3 above that
try € Q(trI'w) = k = Q(z). It follows that try € kNR = Q. In fact we can say more: it turns out that
try € Ry N Q = Z. Recall that above we had three irreducible representations of Iy, corresponding to the
three roots of 23 — z — 1, namely pg, po, and pgr, where pr denotes the real representation.

Exercise. Show that the image Impr C SU(2).

These representations are all faithful Galois conjugates of pg. We have that Impy C Ma(k(x)). We
therefore ask what tr pr(d) looks like for some ¢ € I'y. Since Impgr C SU(2), it follows that |tr pr(d)| < 2
for every 6 € T'w. If 0 : k — R is the real embedding of k, then o(trd) = tr pr(d) for each 6 € I'. So, for
as above, we have |o(trvy)| = |id(try)| = |try| > 2, a contradiction. O
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We now turn our attention to the same question in the non-compact case. We are particularly interested in
manifolds with torus boundary, and when surfaces survive under the operation of Dehn surgery on boundary
tori.

Let M = H3/T be cusped and of finite volume. Let f : S & M with S a closed, orientable surface of
genus g > 2 and f, being mi-injective. Then f,(7m1S) C T is geometrically finite in I', so f,(m1.5) either

e has accidental parabolics; or
e is quasi-Fuchsian.

Surfaces falling into the second of these cases have good survival properties under Dehn surgery, as the
following sample result demonstrates.

Theorem 3.10. Let M be as above, with one cusp, and S & M totally geodesic. Then for all but finitely
many Dehn surgeries a, S remains incompressible in M («).

Proof. Choose a horospherical cusp torus T such that S C M\T. The key point is the 27-Theorem [Window]
of Gromov-Thurston.

HS

Figure 3.10: f,(m1S) acts on the plane # C H?

Theorem (27-Theorem, Gromov—Thurston). Let M and T be as above, and let « C T be an essential simple
closed curve. If the length {r(a) > 27, then M (a) admits a metric of negative curvature.

The incompressibility of S in M («) is guaranteed by the construction of this negatively curved metric.
The metric on M(«) (see Figure 3.11) is the hyperbolic metric on M together with a choice of negative
curved metric on V so that the result is negatively curved. O

Exercise. (1) The preimages of S are hemispheres with centers in C (rather than vertical planes);
(2) There exists an upper bound on the radius of these hemispheres.

In order to optimize the number of surgeries we will exclude, we seek to push the horosphere H based
at oo as low as possible without intersecting other preimages. Recall that the length of the slope S in the

horosphere of height ¢ is M (see Figure 3.12).

Remark. We can replace the assumption that M has one cusp with multiple cusps, with the same conclusion:
the surface S survives except possibly in a finite number of surgeries.

Many examples of this will come from the Bianchi orbifolds H?/PSLy(Qy), where d is a square-free
positive integer, and Oy is the ring of integers of the quadratic imaginary number field Q(+/—d).
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Figure 3.11: The curve o C OM ™ is identified with the meridian of the solid torus V'

C

Figure 3.12: The length of the curve g varies with the height of the horosphere ¢

Theorem 3.11. The Bianchi groups PSLa(Q4) (resp. orbifolds H3 /PSLa(Q4)) contain “many” cocompact
Fuchsian subgroups (resp. closed totally geodesic sub-2-orbifolds).

Corollary 3.12. If T < PSLy(Qy) is torsion-free and of finite index, then H?/T contains “many” closed
totally geodesic surfaces.

Example. Let K be the figure-eight knot. Then S3\ K covers an orbifold Q3 = H3/PSLy(03). We further

see that $3\ K = H3/T', where
co /(1) (1o
AN\ 10 \w 1

and w? +w+1 = 0. Here the first generator a = <(1) 1) represents the meridian of the torus boundary, and

- (1 2v/=3
0 1
of PSLy(03) as follows. Let Cp = {z € C | |2|*> = D}.
We will see later that

) represents the corresponding longitude. We may construct cocompact Fuchsian subgroups

Stab™)(Cy, PSLy(03)) = {7 € PSLy(O3) | 7C2 = Co and ~ preserves the components of C \ Cy}

is a cocompact Fuchsian group. Hence, I' N Stab™ (Cy, PSL2(O3)) is a surface subgroup of I'. One checks
directly that if T € PSLy(Os3), then TCs = C, a circle in C which has equation

alz|*+Bz+Bz+c=0
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where a,c € Z and B € O3. This circle has radius %, from which we see that the heights of the hemispheres

are bounded above by v/2. In order to examine surgery slopes, we push a horosphere based at oo down to a

x(B)

height /2 + €, where € > 0. Here, the length of a surgery curve 8 is ————
V24 e

. By the 27 Theorem, we seek

those curves such that

le(B)?

> 472,

ET

. Then this inequality becomes

1 p+2¢v-3
= pla =
Let 8 = aPl <O 1 >

p* + 1242 2

(V2+¢€)2 ~ ®)

If we set € = 15, we find that (*) holds when |g| = 1 and [p| > 8, when |g| = 2 and [p| > 6, and for any p

when |q| > 3.
These facts are summarized in the following result:

Corollary 3.13. For the figure-eight knot K, (S°\ K)(l;) contains a Ti-injective surface, except possibly
when

(
P {1012345678135}

Remark. Of these exceptional surgery slopes, it is known that:
o 2 gives back S3;
e 2 and % are Haken;

== Rl o

, % and % are Seifert Fiber Spaces; and

e the remainder are hyperbolic. In this case, one can check (for example by using computer algebra
programs) that these contain surface subgroups.

Example. Let W denote the Whitehead link in S3. It is known that S®\ W covers the orbifold Q;, with
degree 12. We also see that %—Dehn surgery on the unknot component produces the twist knot with n full
twists. As in the case of the figure-eight knot, we find that Stab(Cs, PSLy(01)) is a cocompact Fuchsian
subgroup. Thus, for sufficiently large n, the complement of the twist knot with n full twists contains a
m1-injective surface.

Remark. We have the following theorem regarding the two examples discussed above.

Theorem. The figure-eight knot K and the Whitehead link W are universal; i.e. every closed, orientable
3-manifold is a branched cover of S* branched over K or W.

That is, given any 3-manifold M, there exists a link L C M such that M \ L is a branched cover of Q;
or Q3. This theorem looks useful, but has not as yet been used in a productive way.

We now return to the proofs of the above results.

Proof of 3.11. We first require some number-theoretic constructions. Let d and D be positive integers, with
d square-free. Define A = A(d, D) to be the quaternion algebra (4-dimensional central simple algebra) over
Q with basis {1,4, j,ij} and where multiplication is defined by

i? = —d, j2=D, ij = —ji.
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If x € Ais given by x = xg + x17 + x2j + x3ij, we define T = x¢g — 217 — x2j — x31j to be the conjugate of x
in A. We have two standard homomorphisms A — Q given by

tr(xz) =+ T = 2x0; (trace)
n(z) = 2T = a3 + da? — Da3 — dDa3. (norm form)
Next, letting My (R) denote the set of 2-by-2 matrices with entries in R, we define p : A — M3(Q(v/—d)) by

. L xo + 21V —d D(zs+23v—d
p(xo + 10+ w2j + 2305) = (acg _ x;\/\/_:d ;02— x1i/\é;)) '

Since each z; € Q, and by simplicity, we see p(A4) = M2(Q(v/—d)). Next, define the order O = Z[1, 1, j,ij] C
A to be the subset of A with integer co-ordinates. It follows that p(O) C M3(O4). Further, we let

O'={zcO|n(x)=1}

and observe that since p preserves the respective norms on A and My, we have that p(O') C SLa(Oy).
Hence, p(O%) is discrete. Furthermore, we see that because p also preserves traces, the traces of elements of
p(O1) are rational integers. This leads us to conclude that p(O!) is a Fuchsian group.

Claim (1). For infinitely many choices of D, p(O') is a cocompact Fuchsian group.

Note that “infinitely many” can be made more precise: the requirement is that D be such that n(z) =0
if and only if x = 0. One consequence of assuming this is that D is not a perfect square; for simplicity, we
will henceforth assume that D is square-free.

Proof of Claim (1). We define a conjugate representation o : A — M(R) of p as follows: for x € A, let g,

be given by
zo + 21V D 172+l’3\/5>
—d(l‘g — 1‘3\/5) o — xlx/ﬁ ’

We seek to show that H3/a(O!) is closed. By the above discussion, it suffices to show that o(O')\SLa(R)
is compact.

More precisely, we seek to prove that for every g € SLa(R), there exists 2 € O! such that g,g € K, where
K is a fixed compact set. We first show the following claim.

Gz = 0 (20 + 210 + T2 + x31)) = (

Claim (2). For a given g € SLa(R), there exists x € O, with x # 0, such that g,g9 € K for a fixred compact set
of matrices K. Moreover, K has the form K = UD,,, where D,, is a compact set of matrices of determinant
m, and the union is taken over finitely many integers m.

We first assume Claim (2) and thereby prove Claim (1). Define an equivalence relation ~ on O by setting
x ~ y if and only if 271y € O
Key Fact: The elements of O of fixed norm lie in finitely many equivalence classes.

Given this fact, the argument proceeds as follows. Let g € SLo(R), and let 0 # = € O be an element
given by Claim (2) such that g,g € K. Let m = n(z) # 0. Now choose x; as in the Fact, so z;2 € O.
Consider

9o7129 = 9p1 929 € Gy KK,

where K is a fixed compact set. Now we note that there are finitely many equivalence classes, and we are
done. O

69



Proof of Claim (2). Note that for g € SLy(R), and = € O, we have that det(g,g) =m # 0. Let g = (: B)

and consider

o = < zo + 21V D .’IJ2+.’E3\/E) <a ﬂ)
£ —d(CCz — $3\/5) To — ZEl\/E Yy 1)
_ ( azg + oz VD 4+ yxo + 3D Bz + Br1VD + dxs + 6237V D )
—Oéd(.’)?g — .’173\/5) + YTo — ’7:1?1\/5 —ﬁd(a?g — $3\/5) + (51‘0 — (S.%‘l\/ﬁ

— lll l12
l21 122 '

Recall that here each x; € Z, and d and D are fixed integers. The four entries [;; are linear forms in these
variables which determine a lattice in R*. Also recall that a lattice L C R™ consists of points (21, xa, ..., 2,) €
R™ such that z; = Z?:l x;jnj, where the n; € Z vary and the x;; € R are fixed. If A denotes the associated
n-by-n matrix, then the volume of L is then vol(L) = |det(A)|. In the case at hand, we have that the volume
of the lattice is A = 4dD.

Now let ¢11, ¢12, c21 and cg be positive constants such that [[¢;; = A and |d;;| < ¢;;. This determines
a parallelepiped P C R* which is closed, convex, and symmetric about 0. We have that vol(P) = 2*A. We
now need Minkowski’s Lemma.

Theorem (Minkowski’s Lemma). Let L C R™ be a lattice, and assume M = vol(L) # 0. Suppose that P
is a closed, convex subset of R"™, symmetric about 0, whose volume is vol(P) > 2"M. Then there exists a
non-zero point of L which lies in P.

We apply this to the present situation, and find xg, 1, x2 and x3 € Z such that g,g € P. Notice that, by
compactness of P, if g € P, then |det(g)| < N for some sufficiently large N; moreover, this N is universal,
i.e. if det(g,) = m, then det(gyg) < N. Thus m < N. From this observation, it follows that we may take

Dy, ={g € P | det(g) = m}

for those m with |m| < N. Each D,, is compact, and g,g € U‘m|<N D,, as required. This completes the
proof of Claim (2), and hence of Theorem 3.11. O

O

Example. Recall the example of the figure-eight knot complement S3 \ K. It was claimed that the set of
elements which stabilize the circle centered at the origin and of radius v/2 formed a cocompact Fuchsian

-3,2
subgroup of 7 (S®\ K). Let A = "~ |, with norm form n(z) = 23 + 327 — 223 — 62%. We verify that

this quaternion algebra meets the hypotheses of the above results.

Suppose that there exists x € A\ {0} such that n(x) = 0; that is, suppose there exist rational numbers
ag, a1, a2, az € Q such that

ag +3a3 — 2a3 — 6a3 = 0.
By clearing denominators, we may assume that in fact each a; € Z. If we reduce the equation modulo 3, it
becomes
aZ —2a3 =0 (mod 3).

A non-zero solution to this would imply the existence of an x with the property that 22 = 2 (mod 3), a
contradiction. Notice that if ap = as = 0, then we have the same situation with a; and as. Thus we see that
in A, n(x) =0 if and only if z = 0.

Example. In the case of the Whitehead link complement, where the circle chosen had radius v/3, the

)

Q

if and only if x = 0. In this way, we find “many” examples of cocompact Fuchsian subgroups corresponding
to quaternion algebras where n(z) = 0 if and only if z = 0.

quaternion algebra has symbol . Here, a similar argument to the above works to check that n(z) =0

)
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We now remark that this method can also be used to produce finite coarea Fuchsian subgroups of the
Bianchi groups. Suppose a circle C C C is defined by a|z|? + Bz + Bz + C = 0, with a,c € Z, a # 0, and
B € O4. Then Fe = Stab(C, PSL2(0Qy)) determines a finite coarea Fuchsian group.

To see this, recall that we have seen that Fp = Stab(Cp,PSL3(0,)) is a finite coarea Fuchsian group,

@ B) € PGLy(Q(v/—d)). One checks that

where Cp has center the origin and radius vD. Let T = (O 1

TC = Cp, and hence that
T~ ! Stab(Cp, PSLy(C)) T = Stab(C, PSLy(C)).

With this in mind, we seek to relate 7= Fp T with Fe. We first note that the groups 7! PSLy(O4) T and
PSL2(O4) are commensurable. To see this, let A = (a) C Z be the cyclic subgroup of Z generated by a, and
ai,as, a3, as € A such that

(1 —+ aq as

o 1 +a4) € I'(a) < PSLy(Z)

is an element of the principal congruence subgroup of level a. We then find

o) (e e Y (o BY_(Hm B %o Rt (e B
O 1 as 1+a4 0 ]. o as 1—"—0,4 0 1

_ 1—|—a1—§a3 %(F—l—?al—EQag—i—az—F—E%)
aas asB+1+ay

— — —92 —
_ 14+ a; — Bas %(Bal — E asz + as — Ba4) c PSLQ(Od)
aas asB+1+ay

as a divides each of the a;. We now have the following diagram.

PSL2(0y) T 'PSL2(04) T

T
SN

Fe Fp GNT~ FDT

T-'FpT

We remark that Fp D GNT~! Fp T, from which we see that F¢ is cocompact / of finite coarea.
We close by noting that Margulis characterized arithmetic lattices I' < PSLy(C) by using the notion of
the commensurator

Comm(T') = {g € PSLy(C) | g'g~" is commensurable with I'} .

This characterization is that I" is arithmetic if and only if Comm(T") is dense in PSLy(C) (with respect to
the topology induced from C%), and that T is non-arithmetic if and only if [Comm(T) : I'] < oo. In practice,
one can also use the fact that Comm(T") contains the normalizer N(PSLy(C),T') of T in PSLy(C).
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