Challengesof the Week
Solutions
Spring Semesterl999-2000

Challenge of the Week # 1 - January 14 to January 21: The memtership of the Legal Clothing Scciety (LCS)
consists exclusively of lawyers and tailors. All of the lawyers who are memkbers of the LCS always lie. All of the
tailors who are memters of the LCS always tell the truth. At a typical meeting of the LCS the memkers sit in a circle,
each intr oduces themselves,and then says either \The person sitting on my left always lies" or \The person sitting
on my left always tells the truth."

1. At the rst meeting of the LCS all the memkers present say \The person sitting on my left always tells the
truth". What can you say about the members that attended this meeting?

2. At the second meeting of the LCS all the members present say \The person sitting on my left always lies".
What can you say alout the memkers that attended this meeting?

In each casejustify your answer.

Correct Solutions were receiv ed from P. W. Calfas, Regina Elkins, W. Clark Evers, Tracy Fuller,
Martha Kelly , Dan Marshall, Jason Philipp e, Ben Redding, Jennifer Scott, Kaleb Searcy, Mary
Volpert, and Dave Warren If a lawyer says, \The personsitting on my left always tells the truth”, he/she is
lying. The person sitting on the left lies and is thus a lawyer. If a lawer says, \The person sitting on my left always
lies", he/she is still lying. The person sitting on the left tells the truth and is thus a tailor. If a tailor says \The
personon my left always tells the truth”, she/he is telling the truth and the personon the left is a tailor. If a tailor
says \The personon my left always lies", she/he is telling the truth and the personon the left is a lawyer. Therefore,
when a person says \The personon my left tells the truth", the personon the left has the same occupation as the
person. When a person says \The personon my left always lies", the personon the left has a di eren t occupation.

Hence, at the rst meeting, all of the attendees have the same occupation. They are either all tailors or all
lawyers. At the second meeting, the occupations of the attendees alternate between tailors and lawyers as you go
around the circle. Thus half are tailors and half are lawyers.

Challenge of the Week # 2 - January 21 to January 28: One hundred people stand in a circle, each looks towards
the center. No two of the people are of the same height. Everyone says about his or her two neightors, right and left,
if they are taller or shorter than he or sheis. There are 13 people who say that both of their neighlors are shorter.
There are N people who say that their right-hand neighbor is taller and their left-hand neightor is shorter. There are
M people who say their right-hand neightor is shorter and their left-hand neightor is taller. Find N and M if the
ratio M/N is an integer greater than 1 and lessthan M..

No correct solutions were receiv ed for this week's challenge. Let A be a personwho says that both of
their neighbors are shorter. Going left from A, the heights of the people begin to decreaseand cortin ue to decrease
until they begin to increase, since they can't stay the same. They contin ue to increaseuntil they begin to decrease,
say at B. Both A and B say both of their neighbors are shorter, no one betweenA and B going to the left can say
this, and only one person between A and B going to the left can say both of their neighbors are taller. Therefore,
the number of people who say that both of their neighbors are taller is the sameasthe number who say both of their
neighbors are shorter.

Since there are 100 peoplein all,

13+ 13+ N+ M = 100

or N + M = 74, There is an integer k such that k = M=N with k > 1. Hence, M = kN and (k + 1)N = 74.
Therefore, k + 1 is a divisor of 74 other than 1 or 2. Trying all such divisors givesthe following table:

k N M
36 2 72
73 1 73

Sincek and M are di erent, we seethat N must be 2 and M must be 72.
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Challenge of the Week # 3 - January 28 to February 4: At a large campus meeting there are m times n people,
all of whom are of a di er ent height. The people are arranged in n rows of m people each. From each row, the tallest
person is selected. From each column, the shortest person is selected. Next, the shortest of the selected tallest people,
call her Mary, is chosen. Finally, the tallest of the selected shortest people, who is di er ent than Mary, is chosen.
Suppose John is this person. Who is taller, John or Mary?

Solution from the paper of Jennifer Scott. This challenge was also solved by James Barwic k,
Martha Kelly , Dawn Maas, Jared Mathey , and Mary Volpert John is the shortest personin his column.
Thus, everyone elsein this column is taller than John. Therefore, someonein eac other row is taller than John,
and when the tallest personis chosenfrom eact row eadc will be taller than John. It follows that the shortest of the
tallest people, Mary, is taller than the tallest of the short people, John.

Challenge of the Week # 4 - February 4 to February 10: The rst challengethis semester,for January 14, 2000
to January 21, 2000, dealt with the Legal Clothing Scciety (LCS) whosememtbers are either lawyers (who always lie)
and tailors (who always tell the truth). For the statement and solution to this problem see the Challenge of the Week
homepmage

http://www.ux1.eiu.edu/ cfdmb/chalweek/su mmay.ht m

The LCS just had its third meeting and the secretary, the vice-president and the president (who are all di er ent)
led the meeting. The secretary began and after his remarks he noted that there were an even number of memkters
presentand an even number of them were lawyers. The vice-president went second and when she nishe d, she noted
there were an odd number of memters present and an odd number of them were tailors. The president concluded the
meeting with the remark that there were 37 memters present.

Determine the occupation of each of the o ¢ ers. Justify your answers.

Solved by Martha Kelly , Yorik o Saeki, Jennifer Scott, Mary Volpert, and David Warren The
secretary and the vice-president say there are a di erent number of people at the meeting. Since there is either an
even or an odd number of members at the meeting, one must be telling the truth and the other is lying. If the
secretary is a lawyer, there are an odd number of members presert and an odd number of them are lawyers. Sincethe
vice-presidert will be atailor in this case,there would be an odd number of tailors also. This is a contradiction since
the sum of two odd numbersis an even number. Hence, the secretary must be a tailor, there are an even number of
members presert and an even number of whom are lawyers and an even number of whom are tailors. The president
and the vice-presidert must both be lying and are thus lawyers.

Challenge of the Week # 5 - February 16 to February 25: Four scccer teams| A, B, C, and D | were all
to play each other once. After some| or perhapsall | of the gameshad been played, a total of 18 gaals had been
swred and B had 2 more than each of the other 3 teams. B also had 3 times as many gaals sored against it as D
had, and A had the same number of gaals against it as for it. C had fewer gaals soored against it than any of the
other teams. There were no shutouts, and in no two gameswere the sores exactly the same. One game was a tie.
Find the swresin all the gamesthat were played.

Partial solutions were given by James Barwic k, Austin Gro oth uis, Dana Pekkarinen, Mary Volp ert,
and David Warren Let x be the number of goals that B scored. Each of the other scoredx 2 and since 18
goals were scoredin total, x + 3(x 2) = 18 and x must be 6. Let y and z be the number of goals scored against C
and D, respectively. Since A scored 4 goals, 4 goals were scored against A. Because3z goals were scored against B,
4+ 3z+y+z=180ry = 14 4z. In particular, y is 2 more than a multiple of 4. Sincey < z, 5y < y+ 4z = 14.
Therefore, y < 3. Hencey = 2, z = 3 and the number of goals for and against each team is given in the following
table.

Goals Goals
Team For  Against

A 4 4
B 6 9
Cc 4 2
D 4 3

Total 18 18
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Teams A, C, and D scored at most 4 goals in a game, Team B had 9 goals scored against it. Therefore, team
B was involved in a game with ead of A, C, and D. There were 18 goals scoredin all, fteen of them in the games
involving B. Since there were no shutouts, the three goals scoredin gamesnot involving B were scoredin the same
game and the score of that gamewas 1 to 2.

If C played in the game not involving B, the score of both of B's gameswas 1 to 2, which is not possible since
two gamesdo not have the samescore. Hence C played only one game (with B) and A and D ead played two games
(one with B and one with ead other).

There was a tie. If that tie involved A, then both gamesinvolving A were ties. But we already know that one
gameinvolving A was 1 to 2. Since C's single game was not a tie, the game betweenB and D was a tie. Sincethree
goals were scored in the other game involving D, the game between D and B was a 2 to 2 tie. It is now a simple
matter to determine the scoresof all games.

C 4D 2|A 3|D 2
B 2 ‘ B 2 ‘ B 2 ‘ A 1

Challenge of the Week # 6 - February 25 to March 3 : If a chicken and a half can lay an egg and a half in a

day and a half, how many dozeneggscan 3 dozen chickens and 2 roosters lay in a week?

Solved by James Barwic k, Tim Dion, Regina Elkins, Je Freehill Tracy Fuller, Martha Kelly ,
Dana Pekkarinen, Shane Reic hart, Seth Rib er, and Jennifer Scott If a chicken and a half can lay an egg
and a half in a day and a half, then three chickens can lay three eggsin a day and a half - think about the rst
chicken and a half working separately from the secondchicken and a half. Now if these three chickenswork twice as
long, then three chickens can lay 6 eggsin three days. Finally, 1/3 the number of chickensworking 1/3 as long will
lay 6/9 = 2/3 eggs. That is, the rate of laying is 2/3 egg per chicken-day. Hence 36 chickenswill lay 36(2/3) = 24
= 2 dozen eggsper day. Therefore, 3 dozen chickensand 2 roosters will lay 14 dozen eggsin a week.

Challenge of the Week # 7 - March 3 to March 10 : Person A rowson a river x miles with the current and then
returns rowing x miles against the current. Person B rows 2x miles on a calm lake where there is no current. If the
rowing strength of the two personsis the same, does person A always take longer to complete the trip, or does person
B always take longer, or do the distance and the rowing speed determine who takes longer? Justify your answer.

No correct solutions were submitted for this week's challenge Let r be the rate, in miles per hour, at
which both people can row in still water. Let c be the rate, in miles per hour, of the current of the river. Thereore,
person A rows at arate of r ¢ upstream and r + ¢ downstream.

Person A rows £ hours up stream and 2~ minutes downstream for a total of

r+c

x+x_2xr_2x_
r ¢ r+c r2 ¢&@ ¢’

. 2 .
On the other hand, Person B rows Zr—x hours. Sincer £ <, %XC— > Zr—x That is, person A always takes longer
P 2
r

(provided c is not zero).

Challenge of the Week # 8 - March 24 to March 31 : Five adults met regularly to play cards: a widower, his son,
his sorls wife, his daughter, and his daughter's huskand. They sit around a table in the shape of a regular hexagon.
On one occasion, the saorekeeper was the only one who sat between a man and a woman; neither woman sat next to
her huskand; and the oldest man sat next to the empty chair. Who was the sorekeeper on that occasion? Justify your
answer

Solved by Dave Barnhart, Jill Chaplin, Tim Dion, Zack Hic kman, Jessica Hossbac h, Jill Korb os,
Dana Pekkarinen, Kevin Repking, Seth Rib er, Kelli Rutger,and Kathleen M. Stephens First note that
the two people who sit next to the empty chair are a man and a woman. If this is not the case,since one man sits
next to the empty chair, two men must sit next to the empty chair. Thus both women sit next to a man. If the two
women do not sit next to eac other, no one sits betweena man and a woman. If they do sit together, then they both
sit betweena man and a woman. Neither caseis possible since only one person sits betweena man and a woman.

Label the people A, B, C, D, and E where A is a man, E is a woman, A and E sit next to the empty chair, and
the people sit in the order indicated. If D is a woman, B and C must be men. Hence both C and D sit betweena
man and a woman. If B is a woman, C and D are men and both C and D sit betweena man and a woman. Hence,
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both B and D are men and thus C must be a woman. Further, B is the only personwho sits betweena man and a
woman.

Since C doesnot sit next to her husband, C's husband must be A. As A is married, he is not the widower and as
A is the oldest man, he cannot be the son. Thus A is the daughter's husband and C is the daughter. By elimination,
E is the son's wife. Since shedoesnot sit next to her husband, the son, it must be that B is the son. Hence, B is the
scoreleeper.

Challenge of the Week # 9 - March 31 to April 7 : Be careful with your answers- you know what the rst day of
April is.

1. There are ies in the room. One y touchesthe ceiling, one y touchesthe oor, and each of the walls is
touched by at least one y. What is the smallest number of ies that can be in the room?

2. Sam bought a cake of saap in the shape of a rectangular parallelepiped. Each day Sam usead the same amount of
saap. Sam took the new cake of scap and went on vacation. Upon returning home the dimensions of the scap
were half what they were original ly and there was just enough saap for one more day. How long was Sam's
vacation?

3. It is easyto nd an integer divisible by 2, 3, 4, and 5. It is easy to nd an integer divisible by 2, 3, 4, 5, 6,
and 7. Does there exist an integer divisible by any whole number?

4. | just about understood what was said, but | couldn't hear one word. \My mother and father have been married
a long time and have had many children. | have three more brothers than | have sisters and my sister, Sue,
has zzzzmore brothers than she has sisters." What was the word | couldn't understand?

Solutions were submitted by James Barwic k, Tim Dion, Regina Elkins, Adam Gro oth uis, Kevin
Lindsey , Kelli Rutger, and Mary Volpert

1. The rst statement implies there are at least two ies in the room. Two ies are su cien t becauseone y can
bein one corner of the room, touching three walls, and the other y can bein the other corner, touching three,
dierent walls.

2. After Sam returned from vacation, her cake of soap was one-eighth the volume that it was originally. In the
next day, she usesup one-eighth of a cake. Therefore, her vacation was seven days long during which she used
sewen-eighhs of a cake of soap.

3. Yes. The integer zero is divisible by any whole number.

4. The answer dependsupon the gender of the speaker. If speaker is female, she has x brothers and x 3 sisters.
Her sister Sue also has x brothers and x 3 sisters (x 4 of them are neither the speaker nor Sue, and one
of them is the speaker). If the speaker is a male, he has x brothers and x 3 sisters. His sister Sue, has
x + 1 brothers (the \extra" brother is the speaker) and x 4 sisters (Sue is not her own sister). Thus, if the
speaker is female, the word | couldn't understand was three, but if the speaker was male, the word | couldn't
understand was v e.

Challenge of the Week # 10 - April 7 to April 14 : Find as many points, P, asyou can on the earth which satisfy
the following: If you start at P, go 10 kilometers South, then 10 kilometers East, and nal ly 10 kilometers North,
you end up at P. The award will go the person(s) submitting the largest set of points.

Solutions submitted by Emily Hackler, Shane Reic hart, and Kat Stephens Each personfound only the
North Pole as a point which satis ed the conditions. There is at least one other point!

Challenge of the Week # 11 - April 14 to April 21: Two reports were recently issued at a certain midwestern
university. In the rst it was noted that the average starting salary for a female graduate with a particular major
had doubled from when the average was computed for 1990 graduates to when the average was computed for 2000
graduates. It was also noted that the average starting salary for a male graduate with the same major had doubled
between 1990 and 2000. The other report noted that the average starting salary for all graduates with this particular
major was actually lessin 2000 than it wasin 1990!

How is this possible, or was a mistake made? Justify your answer.
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Solutions were submitted by Martha Kelly , Dana Pekkarinen, Shane Reic hart, and Seth Rib er This
certainly is possible. As an example consider the following: In 1990, there was one female graduate (starting salary
$10K) and one male graduate (starting salary $40K). In 2000, there are 14 female graduates (average starting salary
of $20K) and one male graduate (starting salary $80K.) The average starting salary of female graduates ($10K to
$20K) and the average starting salaray of male graduates ($40K to $80K) both doubled. But the average for all
graduates went from $25K ($50K/2) to $24K( $360K/15)!

If the relativ e sizesof the two populations changesover time, it is not possibleto nd the average of all people
by nding the averageof the averagesof the separate populations.



